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IDEALS IN PARTIALLY ORDERED SETS* 
ORRIN FRINK, Pennsylvania State University 


1. Abstract mathematics and classical mathematics. Ideals were first studied 
by Dedekind, who defined the concept for rings of algebraic integers. Later the 
concept of ideal was extended to rings in general. M. H. Stone [1] investigated 
ideals in Boolean rings, which are lattices of a special kind. There is already a 
well-developed theory of ideals in lattices. I wish to show that it is useful to ex- 
tend the notion of ideal to the more general systems called partially ordered 
sets, although it is by no means clear in this case what the best definition of ideal 
is. 

The study of partially ordered sets is a kind of abstract mathematics of the 
most general sort, compared with the theory of algebraic integers which gave 
rise to ideal theory. I should like to say a few words about the distinction which 
is often made between abstract mathematics and the other kind, which may be 
called classical mathematics. Classical mathematics is based on the real number 
system, or equivalently on the system of positive integers or on the complex 
number system. Abstract mathematics is based on set theory. It studies the 
consequences of quite arbitrary postulate systems. From the point of view of 
the abstract mathematician, the real number system is a particular ordered field, 
or a particular locally compact topological ring; in other words, one of a class of 
similar abstract systems, and not necessarily more interesting than the others. 

From this same point of view, classical mathematics is a special case of a 
more general abstract theory. Actually, all mathematics is equally abstract. 
The real number system is no more concrete than, say, the theory of groups. 
Neither deals with the physical universe. To be sure, classical mathematics has 
seemed to be the kind most useful in applications to the sciences. However, 
perhaps this is an illusion, due to the time lag between the development of a 
theory and its application. The classical mathematics of the last century is 
being applied now. The abstract mathematics now being developed may turn 
out to be just as useful in the next century. Perhaps it will be found that you can 
kill just as many people just as efficiently using the theory of quasi-groups or 
p-adic fields as you can with the real number system. Of course many mathe- 
maticians will disagree with this view. But it is true now, just as it has been 
found to be true in the past, that mathematical results arrived at with no 
thought of their possible use are being applied to situations not imagined by 
their originators. 

There is, however, an important difference in kind between the theory of 
partially ordered sets and classical function theory. This is the distinction be- 
tween a simple abstract system, based on a small number of postulates, and a 
complicated abstract system based on a very elaborate postulate system. I 
happen to be very much interested in the simple-minded systems. Logically, 


* Presented as an invited address before the Mathematical Association of America, December 
29, 1951. 
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these should be worked out first. It is inevitable that they will be worked out. 
If we do not study them, later generations are bound to. Many present-day 
mathematicians are prejudiced against the study of simple systems because of a 
fear that only trivial results are to be obtained in them. This is far from the 
truth. It is easier to avoid triviality in simple systems than in complicated ones. 
One way to do this is to study only results which require the use of the axiom of 
choice or the related maximum principles. Such results will be considered invalid 
by the intuitionists and other constructivists, and no result whose validity is in 
doubt can be considered trivial. As examples of the sort of simple abstract sys- 
tem I have in mind I will mention semigroups, quasi-groups, and partially 
ordered sets. This brings me to my subject. 


2. Partially ordered sets. The first general theory of partially ordered sets 
was given by Hausdorff in 1914 in his book Grundziige der Mengenlehre, although 
Hausdorff did not originate the idea of a partially ordered set. In particular 
Hausdorff proved the maximal chain theorem, which says that every chain, that 
is, every simply ordered set, contained in a partially ordered set, is contained in 
a maximal chain. This is equivalent to Zorn’s lemma, a more recent formulation 
of the maximum principle. Zorn’s lemma states that every collection of sets 
which contains the union of each chain of its sets contains a maximal set. Both 
Zorn’s lemma and the Hausdorff formulation of the maximum principle have 
been widely used as a method of avoiding the theory of ordinal numbers and 
well-ordered sets in deriving results in abstract mathematics. I have recently 
given a proof of the maximal chain theorem itself based directly on the axiom of 
choice and avoiding all mention of the notion of a well-ordered set. Hausdorff’s 
original proof was by transfinite induction. 

The simplest way to define a partially ordered set is to say that it is asystem 
of elements with a binary relation between them designated by a<b (which 
can be read “a precedes b” or “a is included in b”) which is both transitive and 
trreflexive, that is, (1) if a<b and b<c, then a<c, and (2) we never have a<a. 
From these two properties it follows that the relation is antisymmetric, that is, 
(3) we never have both a<b and b<a. We may call such a relation strong in- 
clusion. In terms of it it is possible to define another relation called weak in- 
clusion designated by a $b, which means either a<b or a=b. Weak inclusion is 
transitive, reflexive, and weakly antisymmetric, that is, we have (1) if aSb 
and bSc, then aSc, (2’) always a Sa, and (3’) never both ab and b Sa unless 
a=b. Conversely given a weak inclusion relation, that is, one satisfying prop- 
erties (1), (2’), and (3’), we can define in terms of it a strong inclusion relation 
by writing a <b whenever we have both ab and a+b. Hence these two ways of 
defining a partially ordered set, in terms of either strong inclusion or weak in- 
clusion, are equivalent. It is usually more convenient to take weak inclusion 
ab as the fundamental notion, even though three postulates are required in- 
stead of only two. 

A relation ab which satisfies merely (1) and (2’) but not necessarily (3’) 
is called a guasiordering, and the corresponding set of elements a guasiordered set. 
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There are many important examples of quasiordered sets which are not partially 
ordered. Of all these properties the transitive law is the most important, and 
most results concerning partially ordered sets may be extended to order relations 
that are merely transitive, in spite of the fact that equivalence relations, which 
are symmetric instead of being antisymmetric, are also transitive, even though 
they are quite unlike order relations as this term is usually understood. 

If in addition the law of trichotomy (4) either a<b or b<a or a=), or equiva- 
lently, the law of dichotomy (4’) either a<b or bSa holds, we have a simply 
ordered set or a totally ordered set or a linearly ordered set or simply a chain. 
Historically chains were studied first and partially ordered sets are a generaliza- 
tion of them. Partially ordered sets are also called partly ordered sets or semi- 
ordered sets, and a partial ordering is sometimes called a semi-serial order. 


3. Lattices. The most important partially ordered sets are Jattices. A partially 
ordered set P is a lattice if every pair a, b of elements of P has both a least upper 
bound, denoted by a, and a greatest lower bound, denoted by a(\b. For 
example, every chain is a lattice and in fact a distributive lattice, which means 
that the lattice operations obey the distributive law. Of course, lattice theory 
has had a remarkable development during recent years, which it would be im- 
possible to describe adequately in a short time. I now want to say something 
about partially ordered sets which don’t happen to be lattices, and in particular 
about the extension of ideal theory, which is already well developed in lattices, 
to partially ordered sets in general. 

One reason for doing this is the following. Since the most important partially 
ordered sets are lattices, if you are given one which is not a lattice, one of the 
first things you would want to do with it is to imbed it in a lattice, that is, 
extend it to be a lattice by adding new elements, and the obvious way to do this 
is by means of ideal theory. In fact, this was the original motivation for the 
Dedekind theory of ideals in rings of algebraic integers. For example, in some 
such rings greatest common divisors and least common multiples of pairs a, b 
of integers sometimes fail to exist. It is one of the purposes of ideal theory to 
supply this lack. For example, if the pair a, 6 of algebraic integers does not have 
a greatest common divisor in a certain ring, then the ideal (a, b) determined 
by them plays the role of this missing greatest common divisor. Likewise the 
intersection of the principal ideals (a) and (bd) is a substitute for the least com- 
mon multiple of a and b. Or we may say that if greatest common divisors and 
least common multiples do not exist, then the collection of all principal ideals 
of the ring is merely a partially ordered set and not a lattice relative to the 
order relation of set inclusion. As soon as this collection is extended to include 
all ideals, then we have a lattice. From this point of view what has been ac- 
complished by considering all the ideals is the extension of a partially ordered 
set to be a lattice. This procedure extends to the general partially ordered set, 
which may be imbedded in a lattice by means of ideal theory; in fact this may 
be done in more than one way, as has been shown by MacNeille [1]. There are 
other uses for ideals in partially ordered sets; for example, they may be used in 
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proving representation theorems. 


4. Ideals in lattices. There is only one reasonable way of defining what is to 
be meant by an ideal in a lattice. Recall that Dedekind’s definition of an ideal 
in a ring R is that it is a collection J of elements of R which (1) contains all 
multiples such as ax or ya of any of its elements a, and (2) contains the differ- 
ence a—b, and hence the sum a+48, of any two of its elements a and 0. By anal- 
ogy, a collection J of elements of a lattice L is called an ideal if (1) it contains 
all multiples a(x of any of its elements, and (2) it contains the lattice sum aU) 
of any two of its elements a and b. The analogy is that the greatest lower bound, 
or lattice meet a/\b corresponds to product in a ring, and the least upper bound, 
or lattice join aVUb corresponds to the sum of two elements in a ring. 

This is more than just an analogy. Boolean algebras are both rings and lat- 
tices; any ring with unity element all of whose elements obey the idempotent 
law a*?=a, is a Boolean algebra; such rings are called Boolean rings with unity 
element. Conversely every Boolean algebra is a Boolean ring. Boolean algebras 
are lattices relative to a naturally existing order relation, and any set of elements 
of a Boolean algebra which is an ideal in the sense of ring theory is also an ideal 
in the sense of lattice theory, and conversely. M. H. Stone [1] used this theory 
of ideals in Boolean algebras to prove representation theorems. 

Representation theorems are typical of abstract mathematics. Given some 
operations and relations on sets of elements satisfying certain postulates it is 
usually natural to ask whether every such abstract system is necessarily iso- 
morphic or homomorphic to some concrete realization of the system. In proving 
such a representation theorem the elements often are made to correspond to sets 
(such as ideals) and the operations and relations are defined in terms of the 
notions of set theory. 

Using prime ideals, which in a Boolean algebra are the same as maximal 
ideals, M. H. Stone showed that every Boolean algebra may be represented iso- 
morphically as an algebra of sets. More generally, distributive lattices may be 
represented isomorphically as lattices of sets, as was shown by Garrett Birkhoff 
using completely irreducible ideals, and by Stone using prime ideals. 

Using maximal ideals instead of prime ideals, Frink [3] showed that the 
elements of every complemented modular lattice may be represented as linear 
subspaces of a projective space, possibly of infinite dimensionality. Garrett 
Birkhoff had previously shown the connection between complemented modular 
lattices and projective spaces in the finite dimensional case, where ideals are 
not required. More recently, Garrett Birkhoff and Frink [1] showed that an iso- 
morphic representation preserving meets can be given for the general lattice 
using the notion of a completely irreducible ideal. 


5. Ideals in partially ordered sets. The first problem here is to discover the 
proper definition. There are three properties that it would be desirable to have, 
however the definition is made. (1) If a is any element of a partially ordered set 
P, then the set of all elements x of P such that x2a should turn out to be an 
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ideal, namely the principal ideal determined by the element a. (2) The inter- 
section of any number of ideals should be an ideal, so that the set of all ideals 
will form a complete lattice relative to the subset relation taken as the order rela- 
tion. (3) In a partially ordered set which is also a lattice, sets which are ideals in 
the sense of lattice theory should also turn out to be ideals according to the 
definition to be given for partially ordered sets, and conversely. The definition 
which we shall give has these three properties. 

I should first like to recall some notions that have already been studied. 
If A is any set of elements of a partially ordered set P, define A* to be the set 
of all upper bounds of A, and A* to be the set of all lower bounds of A. Then 
A*+=(A*)+ is the set of all common lower bounds of the set of all common 
upper bounds of the elements of A. In the case where A = A**, the set has al- 
ready been called a normal ideal or a normal set or a closed ideal by Stone, Mac- 
Neille, and Garrett Birkhoff. It has been pointed out by Garrett Birkhoff that 
the operation on A represented by A** has the properties of a closure operation. 
Normal ideals have been treated by Stone in Boolean algebras, and in partially 
ordered sets were used by MacNeille to give a solution of the extension problem, 
that of imbedding the partially ordered set in a lattice. While there already 
exists a definition of normal ideal and principal ideal in partially ordered sets, 
until now there has been no definition of ideal in general. I now proceed to give 
one. 


DEFINITION. A set J of elements of a partially ordered set P is called an ideal of 
P if, whenever F is a finite subset of J, the set F*+ is also a subset of J. 


In other words, to say that J is an ideal is to say that it contains all common 
lower bounds of the set of all common upper bounds of any of its finite sub- 
sets. Or, topologically speaking, and considering F*+ to be the closure of F, to 
be an ideal J must contain the closure of each of its finite subsets. 

It is not too hard to verify that this definition has the three properties just 
mentioned; namely, principal ideals are ideals, arbitrary intersections of ideals 
are ideals, and in a lattice, order ideals are lattice ideals and conversely. (By an 
order ideal I shall mean an ideal in a partially ordered set in the sense of the 
definition just given.) 

By the principle of duality, which exists in partially ordered sets but not in 
rings, the notion of ideal has a dual notion, which can be called that of dual ideal, 
and which is obtained by reversing the order relation. A dual ideal contains all 
common upper bounds of the common lower bounds of its finite subsets. 

It should be emphasized that this is not the oniy possible or reasonable defi- 
nition of the concept of ideal in a partially ordered set, nor the only one having 
the three properties given. It is proposed as one reasonable generalization of the 
notion of ideal in a lattice, which should be useful for some purposes; for other 
purposes a different definition may be preferable. 

For partially ordered sets satisfying the ascending chain condition, Worthie 
Doyle has proposed a definition of ideal which corresponds to the notion of dual 
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ideal in a lattice [Bull. Amer. Math. Soc. vol. 56, 1950, page 266]. The dual of 
this definition, which presumably would be useful in partially ordered sets satis- 
fying the descending chain condition, is as follows. To say that a subset J of a 
partially ordered set P is an ideal means that (1) if x is in J and ySx, then y 
is in J, and (2) if F is a finite subset of J, whose least upper bound z exists in 
P, then z is also in J. 

This definition resembles closely the definition of ideals in lattices and semi- 
lattices, and Doyle has shown that it has useful properties. However, Doyle’s 

3 condition (2) is a very weak one in partially ordered sets in which least upper 
ae bounds rarely exist. Still other definitions are also possible, and may be found 

* useful for some purposes. 
A semilattice is a partially ordered set in which the least upper bound aU of 
two elements a and b always exists, although greatest lower bounds may not 
exist. In such an (upper) semilattice it is natural to define ideal as follows: to 
say that J is an ideal means that a4 is in J if and only if both a and 3d are in 
J. This is also a correct definition in lattices, as may easily be seen; hence to 
“G define ideals in lattices we need use only one of the lattice operations. The defi- 
My nition of order ideal which we have given can be shown to coincide in semi- 
q lattices with this natural definition of ideal; this is another argument for the 
4 correctness of the definition. In addition it provides a definition of dual ideal in 
: an upper semilattice, and this is a notion not so easy to define. 

With this definition of order ideal, a large part of the theory of ideals in 
lattices may be extended to ideals in partially ordered sets. 


Fe 6. Some examples. A typical example of a partially ordered set is a collec- 
4 tion of some, but not necessarily all the subsets of a given set, the order relation 
being the subset relation. This example is typical in the sense that it may be 
' shown that every partially ordered set is isomorphic to a collection of this kind. 
Of course such a partially ordered set is not necessarily a lattice. 
Another example which is easy to visualize is the following. Let P be the 


ge collection of all circles in the plane. Define the order relation A <B to mean 
ig that the circle A is inside the circle B, including the case where A is internally 
— tangent to B. With this definition of order P is not a lattice. If the circles A and 
z : B intersect, there is, to be sure, a largest circle inside them both, but this is not a 


greatest lower bound of A and B, since it does not contain all other lower bounds. 
Likewise there is a smallest circle containing both A and B, but it is not a least 
upper bound in the sense of the order relation, since it is not contained in all 
other upper bounds. Now let K be any convex region of the plane. It can be 
verified that the set J of all circles lying in K is an order ideal of P. Note that if 
K is unbounded, the ideal J is not a normal ideal, since no circles exist which 
are common upper bounds of ail circles of J, although common upper bounds 
of finite sets of circles of J always exist. 


f 7. Divisibility and factorization. Divisibility is an order relation which has 
been studied in rings. If a and b are elements of a ring, define a| to mean that 
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there exists a ring element x such that xa=b. We then say that a is a right di- 
visor or right factor of 5, and d is a left multiple of a. This is a transitive order 
relation which may be a quasiordering but is usually not a partial ordering since 
distinct elements a and b may be right divisors of each other. There is, however, 
a related partially ordered set consisting of all principal left ideals of the ring. 
The principal left ideal (a) consists of all left multiples of a, that is, of all ring 
elements of the form xa. We may take as the order relation among principal 
ideals either the subset relation or its dual, the superset relation. For definite- 
ness, we shall select the subset relation. It may then be seen that the partially 
ordered set of all principal left ideals is a lattice if and only if each pair of ele- 
ments of the ring has at least one greatest common right divisor and at least one 
least common left multiple. If the principal left ideals do not form a lattice, 
they form a partially ordered set which is imbedded in the lattice of all left 
ideals, using here the notion of ideal in the sense of the theory of rings. To 
know which sets are left ideals in the sense of ring theory, you have to make 
use of the addition operation in the ring. 

But you can imbed the partially ordered set of principal left ideals in a lat- 
tice more economically using the notion of order ideal which I have just defined, 
and to do this you need use only the multiplication operation of the ring, not 
the addition operation. This gives the following definition: A set J of elements 
of a ring R is called a left order ideal of R if and only if J contains all common 
left multiples of the set of all common right divisors of each of its finite subsets. 
It then follows that principal left ideals are left order ideals, that the collection 
of all left order ideals is a complete lattice, and that every left order ideal is also 
a left ideal in the sense of the theory of rings. This last result is a consequence of 
the fact that in a ring, if the elements a and 3 are left multiples of an element c, 
so is their difference a—b. (In the above definition of left order ideal, it is con- 
venient to adopt the convention that each ring element is a left multiple and 
also a right divisor of itself; this makes divisibility a relation of quasi-ordering. 
This condition holds automatically if the ring has a unity element or is idem- 
potent.) 

Since order ideals in a ring are also ring ideals, the use of the term ideal for 
them is certainly justified. Note, however, that the converse does not hold; not 
every ring ideal is an order ideal. For example, in the ring of all polynomials in 
two variables x and y, with integer coefficients, the set of all polynomials with 
zero constant term is an ideal in the sense of ring theory, but is not an order 
ideal. For 1 and —1 are the only common divisors of the polynomials x and y, 
and all ring elements are multiples of 1 and —1. In this example greatest com- 
mon divisors and least common multiples already exist, and the set of principal 
ideals is already a lattice. Hence in one sense there is no need for ideals which are 
not principal, and in fact none are supplied by the theory of order ideals; these 
are all principal. 


8. Ideals in semigroups. The natural type of mathematical system in which 
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to investigate questions of divisibility and factorization is not the ring but the 
semigroup. (A semigroup is a system of elements with one binary operation 
obeying the associative law.) This fact was pointed out by E. T. Bell (this 
MONTHLY vol. 37, 1930, pp. 400-418) and exploited by A. H. Clifford (Bull. 
Amer. Math. Soc. vol. 40, 1934, pp. 326-330, Annals of Math. vol. 39, 1938, 
pp. 594-610). 

Since the theory of ideals is used to investigate divisibility in rings, a similar 
theory of ideals in semigroups would be useful to investigate this question in 
semigroups. Such a notion of ideal in a semigroup may be introduced in terms of 
the notion of order ideal which we have been considering. We are led to the fol- 
lowing definition: 

DEFINITION. A left ideal in a semigroup is a set of elements which coniains all 
common left multiples of the set of all common right divisors of each of its finite 
subsets, with the convention that each element is to be considered a divisor as well 
as a multiple of itself. 

As in the case of rings, it follows that the set of all left ideals forms a com- 
plete lattice, that all left multiples of an element form a (principal) ideal, and 
that greatest common right divisors and least common left multiples always 
exist if and only if all ideals are principal. 


9. The extension problem for partially ordered sets. The problem of im- 
bedding a partially ordered set in a lattice has been studied by MacNeille [1], 
Krishnan [2], and others. One gets a fairly satisfactory theory using normal 
ideals. The set of all normal ideals forms a lattice which, since it includes the 
principal ideals, contains representatives of the elements of the original partially 
ordered set. This is not always the most economical imbedding. In general, the 
sublattice of the lattice of all normal ideals which is generated by the principal 
ideals is smaller. Less economical still is the imbedding in the lattice of all 
ideals, using the term ideal in the sense which we have described. There are many 
different ways of imbedding a partially ordered set in a lattice, and not all ques- 
tions concerning this imbedding have been answered. It seems likely that the 
theory of ideals in partially ordered sets we have been considering will be useful 
here. Once a standard procedure for imbedding ordered sets in lattices has been 
decided on, a number of notions previously restricted to lattices may be ex- 
tended to partially ordered sets. For example, we may call a partially ordered set 
modular or distributive if its standard extension to be a lattice obeys the modular 
or distributive laws. 


10. Application of order ideals to topology. In topological spaces which 
are regular, completely regular, or normal, an important order relation between 
sets is that which we shall call strict inclusion, denoted by A <B, which is to 
mean ACB, that is, the closure of A is a subset of the interior of B. This rela- 
tion is transitive and usually also irreflexive. In fact, we have A <A only if the 
set A is both closed and open. If convenient, one can modify the definition so 
that A <A never holds. With respect to this order relation the subsets of a topo- 
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logical space do not usually form a lattice. For example, if A and B are open 
sets which intersect, there is usually no largest closed set contained in them 
both, which means there is no greatest lower bound relative to strict inclusion. 
Though not a lattice, it will be useful to have a definition of ideals or dual ideals 
in this partially ordered set. In this connection recall that the notion of filter, 
introduced by H. Cartan and much used in topology by the Bourbaki school, 
is identical with the notion of dual ideal in the lattice of all subsets of a topo- 
logical space. 

We shall say that a space is densely ordered relative to strict inclusion if 
whenever A <C, there exists a set B between them, that is, such that A <B<C. 
It can easily be seen that a Hausdorff space or a T; space is normal if and only 
if the lattice of all subsets of the space is densely ordered relative to strict in- 
clusion. Likewise, if there exists a basis for the open sets of the space which is 
densely ordered relative to strict inclusion, then if the space is regular it is also 
completely regular. It is not known whether the converse is true, that is, if a 
space is completely regular whether there necessarily exists in it a basis for the 
open sets which is densely ordered relative to strict inclusion. If this were true 
it would give a very neat intrinsic characterization of completely regular spaces. 
The problem of finding such a characterization is an important one, since com- 
pletely regular spaces seem to form the most natural and useful generalization 
of metric spaces. 

This seems to show that the notion of strict inclusion is a useful one in 
topology. Now in a regular space, the collection of all possible neighborhoods 
of a point p, that is, of all sets with p as an interior point, forms a dual order 
ideal of the collection of all subsets of the space, partially ordered by the strict 
inclusion relation. They also, of course, form a dual ideal (or filter in the sense 
of Bourbaki) relative to the subset relation. This neighborhood ideal is a di- 
rected set relative to strict inclusion; given two elements A and B of it there isa 
third element strictly included in both. It is also a maximal directed set, but 
usually not a maximal dual ideal. 

It can easily be seen that if in a regular space R every collection of sets 
which is a directed system relative to strict inclusion possesses a point common 
to all the sets of the system, then the space R is absolutely closed as a regular 
space. This means that no accumulation point may be added to it without 
destroying its regularity, or equivalently, that it is necessarily a closed subset 
of any larger regular space in which it may be imbedded. On the other hand if 
such systems of sets without common point and directed relative to strict in- 
clusion exist, the space may be extended by making the directed set maximal 
and adding an ideal point whose neighborhoods are determined by the resulting 
maximal set. 

If the space is completely regular this type of extension may perhaps be 
used to imbed it in a compact space, in somewhat the same manner as that used 
by Wallman for the compactification of normal spaces. In fact, it is known that 
all non-compact completely regular spaces may be compactified by the addition 
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of accumulation points, and no matter how such a point is added, the collec- 
tion of all its deleted neighborhoods will turn out to be a dual ideal of the 
original space, with respect to strict inclusion as the order relation. So perhaps 
this notion of dual ideal relative to the order relation of strict inclusion will turn 
out to be useful in topology, just as the related notion of filter has done. 


11. Intrinsic topologies of ordered sets. Many mathematical systems are at 
the same time partially ordered sets and topological spaces. This is the case, for 
example, with the real number system and with various function spaces. The 
question arises whether the topology is definable in terms of the order relation 
alone as is true with the real numbers. I have considered this question in a 
paper on Topology in lattices (Frink [2]). If the partially ordered set is a chain, 
it has a “natural” topology defined by taking the open intervals, consisting of 
elements x such that a<x 3b, to be neighborhoods of each of their elements. In 
a partially ordered set which is not a chain, this definition is not a useful one. 

However, there is another possibility of defining topology in terms of order, 
using closed intervals instead of open intervals. This is called the interval topol- 
ogy, and results from taking the closed intervals, that is, sets of elements x such 
that a<x3b, or aSx, or x Sb, to be a sub-basis for the closed sets of the space. 
This definition, while sometimes useful, does not always provide the right topol- 
ogy. For example, the Euclidean plane is a lattice when considered as the direct 
product of two chains, each a copy of the real line with the usual ordering. But 
the interval topology of the plane considered as a lattice is not the usual topology 
of the plane. 

A more generally useful topology for lattices and ordered sets may be 
defined in terms of ideals as follows. Take as a sub-basis for the open sets of the 
space the collection of all completely irreducible ideals and dual ideals. (An 
ideal is called completely irreducible if it is not the intersection of a collection 
of ideals all distinct from it.) 

This ideal topology gives the correct topology for chains, and also the correct 
topology for direct products of a finite number of ordered sets, namely the 
Cartesian product topology. Consequently it gives the correct topology for 
Euclidean spaces considered as ordered sets, since these are direct products of 
chains, and the correct topology for a Euclidean space is the Cartesian product 
topology. It is furthermore the only definition of topology in terms of order 
known to me that has this useful property. In certain partially ordered linear 
spaces or function spaces this gives also an interesting definition of topology, 
which may be different from the usual topologies. We may call this the ideal 
topology of the ordered set. For example, in the Euclidean plane with the usual 
ordering, the completely irreducible ideals and dual ideals are just the open 
half-planes with edge parallel to a coordinate axis. These form a sub-basis for 
the ordinary open sets. 


12. Ordered algebraic systems. In recent years there has been considerable 
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study of algebraic systems in which there is a relation of simple or partial order- 
ing which is closely related to the algebraic operations of the system. Examples 
of such systems are partially ordered groups and semi-groups, ordered fields and 
rings, vector lattices, and partially ordered linear spaces. It has been usual in 
studying such systems to assume a very strict connection between the opera- 
tions and the ordering, namely that one or all of the operations should preserve 
the order relation. The results have sometimes seemed disappointingly narrow, 
perhaps because this restriction rules out some interesting cases. 

For example, consider the p-adic fields. There are some natural ways of 
introducing an order relation among the p-adic numbers, which may be either 
a simple ordering or a partial ordering. In terms of the power series or decimal- 
like expansion of p-adic numbers x and y, one may say that x <y if the n-th digit 
of x is less than that of y at the first decimal place where the expansions differ. 
This corresponds to the definition of order for the real numbers. This is a rela- 
tion of simple ordering, and determines a topology, using open intervals for 
neighborhoods. Furthermore, it is the correct topology, and coincides with that 
given by the p-adic valuation. Moreover, the operations of the field are continu- 
ous in this topology. Nevertheless, the p-adic fields are not ordered fields ac- 
cording to any commonly used meaning of this term. The operations of the field 
do not preserve the order relation. They do, however, preserve intervals and 
ideals determined by the order relation; that is, they send intervals into in- 
tervals, and ideals into ideals. 

This suggests some ways the notion of ordered algebraic system might be 
generalized. One way is to require merely that the algebraic operations should 
be continuous in the topology determined by the order relation. This topology 
might be the ideal topology which I have just described, using ideals as sub- 
basic open sets, or some other topology such as the interval topology determined 
by the order. Or, in algebraic terms rather than topological language, one might 
require that the algebraic operations should preserve intervals, or ideals, or other 
aggregates determined by the order relation, rather than the order relation 
itself. 
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REMARK ON MY PAPER ‘ON TWO THEOREMS OF PLANE TOPOLOGY’ 


H. E. VauGHAN, University of Illinois 


In this paper (this MONTHLY, vol. 60, pp. 462-468) several remarks were 
made concerning treatments appearing in Funktionentheorie by Konrad Knopp. 
The references were to the English translation of the 4th German edition. In 
the subsequent 5th, 6th, and 7th German editions many corrections have been 
made, and my remarks do not apply to these editions. 


4 
= 
| 


CRITERIA FOR IRRATIONALITY OF CERTAIN CLASSES OF 
NUMBERS* 


A. OPPENHEIM, University of Malaya, Singapore 


1. Cantor [1] gave a criterion for the irrationality of a real number x given 
by the infinite series 


a a2 as 
where the a; (¢20) and the b; (¢21) are integers which satisfy the conditions 
(2) b = 2 (dm 
(3) (é = 1, 2, 3,---), 


(4) for every integer g2=1 there exists an integer m such that g divides 
B,=bib, - - - b, (and therefore g divides all subsequent B,,(m>n)). 
Cantor showed essentially that x is irrational if and only if 


(S) a,>0 infinitely often 
and 
(6) infinitely often. 


I extend this theorem in two ways. First, I show that the condition (4) can 
be given up at the cost of a very slight additional restriction on the sequence 
a,/b,. And secondly I show that criteria for irrationality can be given when the 
a; are not ultimately of one sign. 

The condition (4) implies that lim b,= ©. The bounded sequence. 

381, 
n 
possesses by the Bolzano-Weierstrass Theorem at least one limit in the closed 
interval (0, 1). If one of these limits is irrational, then x is irrational if (2) and 
(3) hold. 

If the limits are all rational but lim sup c,=1, then again x is irrational if 
we assume (2), (3), (6). 

If lim inf c, =0 we can obtain a corresponding result at the cost of assuming 
that the sequence b,, for which lim c,,=0 does itself tend to infinity. The pre- 
cise statements will be given later. 

In extending the criteria to cover negative a; we may assume that a;>0 
infinitely often and a;<0 infinitely often, for otherwise the criteria previously 
obtained can be applied to —x; where 


* Editorial Note: A note by M. S. Klamkin containing some of the results in this paper was in 
the hands of the editors when this paper was received. 
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Gi+2 


or to +x; for sufficiently large 7. 


2. Without any restriction on the integers a;, b; other than that the series 
(1) is convergent, it is clear that the numbers 


are all rational or all irrational since 
(8) x= da 1, bx; = Xi+1- 


It is also clear that, if x is a rational number p/g where g=1, then 


(9) 
q 

for some integer 7; since (for 1>1) 

(10) bib, = x; (mod 1). 


This proves the lemma below. 


LEMMA 1. A necessary and sufficient condition that x given by the convergent 
series (1) where the a; are integers and the b; are integers shall be irrational is that 
for every integer g=1 we can find an integer r and a subsequence ii, tz, + - - 
such that 

r r+i1 
(11) =< < 
q 


(n = 1, 2,3,---). 
The criteria to be given for irrationality depend simply on giving sufficient 
conditions for the inequalities in (11). 
3. Inequalities for the x; 
LEMMA 2. Given (2) and (3) then 


a 1 
(12) <1, 


Given (5), (6) as well, then (12) holds with strict inequality in each place. 


(i = 1). 


For clearly x;>0 unless each a,=0 (m2): and 


1 
xy => = ’ 
b; 


with strict inequality unless each a,=b,—1 (n2i). 
The first part of (12) together with the gloss for strict inequality is proved. 
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As for the second part we apply the inequality just proved for x; to x;41 in the 
identity (8). 

THEOREM 1. (Cantor) Given (2), (3), x is irrational if (4), (5), (6) are satisfied. 


Since (4) holds, x; is an integer for large enough ¢ if x is rational. But since 
(5), (6) hold, Lemma 2 shows that 0<x;<1, a contradiction which proves 
Theorem 1. 


THEOREM 2. Given (2), (3), x is irrational if there exists an irrational number 
and a subsequence (i,) such that 


ci, = > 
asn—->o, 


Plainly 0 <&<1: (if is bounded, c;, can take only a finite number 
of different rational values). Hence (5) and (6) hold. By Lemma 2 


(n—> ©), 


Now for any integer g21 there exists an integer r such that 


Hence for all 2 =» we shall have 


r 
< 
q q 


Lemma 1 now gives Theorem 2. 


THEOREM 3. Given (2), (3), x is irrational if (6) holds and if there is a subse- 
quence (in) such that 


(n— ©), 


If b;, <b, then c;,=(b—1)/b<1. Hence is not bounded. Hence a,, is not 
bounded and therefore (5) holds. By Lemma 2 for 1=4,, 


Hence for any given integer g=1 there exists m» such that for all n= mo 


q 


Lemma 1 now yields Theorem 3. 
THEOREM 4. Given (2), (3), x is irrational if (5) holds and if there is a subse- 


r r+i1 
—< 
q q 
aq; a 1 
sl. 
| b; b; 
4 
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quence (i,) such that 
and (n— @), 


The condition that b;,>« is needed in order to exclude lim ¢,=0 arising 
from a;,=0 for a bounded set 5;, 

Since b;,—> © and c;,—0 it follows that a;<b;—1 infinitely often. Thus (6) 
holds. By Lemma 2 for 1=1, 


b; b; 
For a given integer g, mo exists such that 
1 
q 


for all m2mo. Lemma 1 now gives Theorem 4. 


4. We consider now the case when a; may have either sign. We assume that 


(13) la:]}Sb;-1 (¢ = 1, 2,3,---), 
and that 
(14) Gnd, < 0 


for some m>i, n>i when 7 is any assigned integer. 
Lemma 2 is now replaced by Lemmas 3 and 4. 


LEMMA 3. Given (2), (13), (14), then 


1 a 1 
< 
b; b; 
The proof is identical with that for Lemma 2 since a, must change sign 
infinitely often. 


Lemma 4. No x; can vanish if (2), (13), (14) hold. If a;0 then x; has the sign 
of If ag=0, + (1LSm< then x; has the 
sign of Qi+m- 


-—-1<4;< 1, 


If a;=1, Lemma 3 yields x;>0. If a;S —1, then x; <0. 
If a;=0, then a;,, is the first non-zero a; following a; (existent by (14)) and 


(15) i+m i+m+1 
Xitm 


and the result follows by applying the first part of the proof to Xi4m. 


a 

4 
4 
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THEOREM 5. Given (2), (13), (14), x ts irrational if (4) holds. 


For if x is rational and (4) holds then x; is an integer for all large enough 4. 
But Lemmas 3 and 4 give 


x; #0 (¢=1,2,---), 
a contradiction which proves Theorem 5. 


THEOREM 6. Given (2), (13), x is irrational if there exists a subsequence (in) 
and an irrational number 0 such that 


Ci, = 4:,/b;, 0 (n 
Here —1<0@<1, 00. The proof is essentially that of Theorem 2. 


THEOREM 7. Given (2), (13), (14), x ts irrational if there exists a subsequence 
(in) such that 


1(— 1) (n— 
The proof follows the same lines as that of Theorem 3. 


THEOREM 8. Given (2), (13), (14), x ts irrational if there exists a subsequence 
(t,) such that 


By Lemmas 3 and 4 and (15), 
and x, #0. 
Hence for any given integer g21 there exists an integer mo such that for all 
n=No, 
1 
0<|",|<— 


and hence there is a subsequence tending to infinity such that 


1 1 
or —-—< <0. 
q q 


Lemma 1 now proves Theorem 8. 
5. As an example we have 


THEOREM 9: The number 


an 


(16) z= 


ani 7"(n!)® 
ts irrational if r=1, b=1 are fixed integers, a, is an integer such that 
(17) |an| S rn? — 1, (n = mo), 


: 
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and a, differs from each of 0, rn’—1, —(rn>—1) infinitely often. 


Plainly this result follows from Theorem 5 or Theorem 1 if the a; are ulti- 
mately of one sign. Spiegel [2] proved that x in (16) is irrational with a more 
stringent condition on a, in place of (17) which amounts to 


| < n> (some > 0, > mi(e)) 


and of course a,0 infinitely often. 
As another example the numbers 


€,d(n) > 
1 ! 


1 n! nN 


are irrational where ¢,= +1, d(m) is the number of divisors of m and ¢(m) is 
Euler's function. 
An example of Theorem 8 is afforded by 


€nd(bn) 
nmi ++ dy 
if lim b, = ©, since d(m) =O(m*) for every positive € so that d(b,)/b,—0. If the 
€, are ultimately all of one sign Theorem 4 must be used. 


6. I give now another theorem which is not included in the preceding theo- 
rems and allows a; to be of higher magnitude than b,. The notation 


Cn — (mod 1) (n—> @) 
means that the fractional part of c, tends to £ as n>. 


So Xm=0(bm) (mod b,,) will mean that the fractional part of x,/bm tends to 


THEOREM 10. Suppose that (i) bs; 21, a; are integers such that the series 
1 = Dd by 
1 


ts convergent, (ii) c;=a;/b;—& (mod 1) as i through some subsequence (in) 
where & is irrational, (iii) xi4:=0(b;) (mod b;) for this subsequence, then x, is 
irrational. 

It may be noted that & in (ii) may be rational provided we assume further 
that x;#£ (mod 1) for the members of the subsequence (i,). 

We have, when 7 belongs to (i,), 


a 
= — + 
b; 


=Nitttea t+ 3; 
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az 
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where J; is an integer and ¢€;, 6; 0 as i—© in (é,). 
Now for any integer g21 there exists an integer r such that 


r 


q 


We now choose mp so large that for i=7, 24,, 


1 
q q 


It follows that x;, cannot be a rational number with denominator g. Hence x 
is irrational. And this proves Theorem 10. The modification required when ¢ is 
rational and x;#£ (mod 1) is obvious. 


THEOREM 11. The number x of Theorem 10 is irrational if we assume (i), 
(4), and that, for 1 in some subsequence (in), 


0 < x:, < 1 (mod 1). 


The proof proceeds as before. 
As an example, the number 


€n0(n) 


ts irrational for any choice of €,= +1 where a(n) denotes the sum of the divisors of n. 
For plainly 


o(n) = n>, 1/d = O(n log n) 


d\n 
so that trivially 
= O(n'/?), 
Take n=3* so that 


2 23 
an 
= + — (mod 1) 


as n=3*'— 0. Theorem 11 applies. 
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THE CONFERENCE ON TRAINING IN APPLIED MATHEMATICS 
F. E. HOHN, Bell Telephone Laboratories and the University of Illinois 
I. The Nature of the Conference 


This conference, which was held at Columbia University, New York, 
October 22-24, 1953, was sponsored by the American Mathematical Society 
and the National Research Council under a contract with the National Science 
Foundation. The details were arranged by Dr. F. J. Weyl of the National Re- 
search Council’s Committee on Applied Mathematics. Invited addresses by 
leaders from a wide variety of educational, industrial, and governmental or- 
ganizations were presented and discussed. Apart from describing the specific 
natures of their own organizations, the speakers treated various relevant gen- 
eral issues. Their opinions showed remarkable uniformity. In fact, many of the 
ideas recorded below were stated in essentially the same form by a number of 
the speakers and participants in the discussions. The concern of the speakers 
was primarily with training at the Ph.D. level, although training at lower levels 
was also discussed. The principles summarized below are appropriate to either 
case. 

Complete proceedings of this Conference are being submitted to the Na- 
tional Science Foundation as a report under the contract mentioned above. In- 
quiries regarding the availability of copies should be sent to L. W. Cohen, Pro- 
gram Director for Mathematics, National Science Foundation, Washington, 
D.C., prior to April 30, 1954. Final arrangements for distribution will depend 
upon the anticipated demand. 


II. Reasons for the Current Interest in Applied Mathematics 


It was admitted that an individual’s interest in “applied mathematics” is 
sometimes an artificial or a temporary one, inspired primarily by a desire to 
“get in on the gravy train.” However, by and large, the widespread, current 
interest seems to be due to other, more constructive factors such as the following: 


1. A growing realization that there are vital, challenging problems to be 
solved in the various fields where mathematics may be applied. These 
problems arise from the increased complexity of modern technology, a 
complexity resulting from its increasing concern with “systems” rather 
than “mechanisms.” 

2. An increased appreciation in industrial and governmental research agen- 
cies of the usefulness of fundamental mathematical approaches and of 
specific, advanced mathematical tools. 

3. Improved opportunities for permanent employment resulting from (2). 

4. A renewed understanding of the facts that the psychological and his- 
torical origins of mathematics are in the “real world,” that the postula- 
tional approach is not the beginning of mathematics but is rather a final 
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step in its development, and that therefore mathematics stands always to 
learn and grow through its applications. 

5. A realization that applications of mathematics today often demand the 
best that a mathematician has to offer rather than calling only on in- 
ferior abilities, so that the role of applied mathematician is once again to 
be regarded as a dignified, fascinating, creditable activity for a scholar. 


III. Pure vs. Applied Mathematics 


The consensus was that mathematics cannot be separated precisely or use- 
fully into the categories “pure” and “applied,” that all mathematics, as such, is 
“pure.” When used as tools in the investigation of problems related to the 
real world, the techniques of pure mathematics become “applied” mathe- 
matics. So many mathematical disciplines have ultimately been applied in this 
way that a distinction on the basis of what has been applied and what has not 
would change almost from day to day and hence could only be artificial. 

A distinction that can be drawn is one between pure and applied mathe- 
maticians. The difference here lies neither in the mathematical techniques used, 
nor in the level of creative ability. It is rather a difference based on interests, 
attitudes, and special aptitudes. 


IV. The Characteristics of an Applied Mathematician 


As identified by those who have had experience in employing or training 
mathematicians for work with applications, the important characteristics of an 
(ideal) applied mathematician include the following: 


1. He is first and foremost a scientist devoted to high scientific standards. 

2. He possesses a high degree of independent creative ability and drive rather 
than being a mere technician acting primarily on orders. 

3. He has the ability and common sense necessary for developing useful 
mathematical abstractions or models of the problems with which he 
must work. 

4. He has had a broad training in the fundamental methods and processes 
of mathematical and scientific thought so that he is equipped to cope with 
the problems of today as well as to adapt himself to the needs and prob- 
lems of tomorrow. 

. He possesses many easily aroused interests. 

. He has a flair for oral and written expression. 

. He enjoys cooperative research, such as work with a team of specialists. 

. He has the maturity, the superior ability, and the personality to inspire 
confidence in his advice and conclusions. 

9. He should have a temperament which permits him, when it is necessary, 
to be satisfied with the approximate rather than the ideal, and to work 
immediately with the problems that need to be solved, rather than to 
work only when and as he sees fit with only those problems that interest 
him particularly. 
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V. The Training of Applied Mathematicians 


The characteristics of an applied mathematician just listed have, of course, 
their implications for training. Programs for training applied mathematicians 
will naturally vary from one institution to another, according to the particular 
facilities available and according to the specific needs a given program is de- 
signed to meet. The following characteristics, however, seem to belong to any 
good program: 


1. The student should receive a broad, thorough training in fundamental 
mathematics so that he learns what a mathematical problem is and has 
available the proper tools with which to solve it. 

2. The student’s training should include probability and statistics because 
of their specific usefulness and because of the attitudes toward approxi- 
mate data and experimentation characteristic of the latter. (The intent 
here was not to ascribe any transcendent importance to probability and 
statistics, but rather to emphasize that they should not be neglected.) 

3. The program should include a broad training in other sciences than 
mathematics, in order to introduce the student to the languages, prob- 
lems, and methods of areas in which mathematics is applied. 

4. Experience with significant applications should be introduced early in the 
program in order to create high initial interest. 

5. Interest should be maintained by competent instruction and by glimpses 
of the rewards and of the stimulating nature of a career in applied mathe- 
matics. 


One of the great problems of the universities is to find enough able and in- 
spiring teachers of potential applied mathematicians. This is a critical point 
since often a promising student is turned from his interests in the applications 
of mathematics by the influence of teachers devoted to mathematics as a pure 
science but holding its applications in disdain. Increased respect and recogni- 
tion is in order for those who are gifted in the training of applied mathemati- 
cians. 

Another difficulty is the fact that advanced training of applied mathemati- 
cians often requires a longer than average period of study, because of both sub- 
ject-matter and maturity requirements. The resulting financial needs of stu- 
dents must be recognized and met. Meeting them could be expected to increase 
the number of students in the area, of whom there are at present altogether 
too few. 


VI. Responsibilities of Government and Industry 


Extensive demand for applied mathematicians in government and industry 
has developed only during the last ten or twelve years. If the demand con- 
tinues, interest will surely increase, so that the gap between supply and demand 
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will be narrowed. However there are specific ways in which government and 
industry can help to close the gap and to improve the quality of the product: 


1. The interest of able people can be aroused by assuring prospective mathe- 
matical employees a challenging and genuinely scientific atmosphere in 
which to work. 

2. The mathematician should be given reasonable opportunity to pursue 
significant mathematical investigations which may be suggested by the 
applications with which he works, whether or not these investigations 
seem to have any immediately obvious practical value. 

3. Competent teachers should be given inspiration and recognition by 
temporary but broadening and remunerative positions in government and 
industry. 

4. Competent students should be given inspiration and support by means 
of subsidies, fellowships, contract work and well-paid summer employ- 
ment. 


Fortunately, a number of progressive organizations have already recognized 
the importance of these four factors and have acted accordingly. It is hoped 
that others will follow suit. 


VII. Conclusions 


The conference left the clear impression that fundamental problems and re- 
sponsibilities are well-understood by many mathematical leaders in industry, 
government, and education. One would expect that as their influence makes it- 
self felt, and as cooperation among concerned groups develops, the applied 
mathematician will increasingly assume his proper role in the scientific life of 
our time. 


THE PRINCIPAL TERM IN THE ASYMPTOTIC EXPANSION 
OF THE LEBESGUE CONSTANTS* 


LEE LORCH, Fisk University 


It is well known that there exist continuous periodic functions whose Fourier 
series diverge at a given point. This was first established in 1876 by du Bois- 
Reymond [1] by the explicit construction of such a function. Later authors, 
particularly Fejér [2], simplified his construction and furnished simpler ex- 
amples. 


Lebesgue [7, p. 86] introduced a different approach. He showed that the 


* This work was done with the assistance of a grant from the Research Corporation. 
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divergence of a certain sequence of constants (1), since known by his name, 
implies the existence of such a function and also that of another continuous 
function whose Fourier series converges everywhere but not uniformly in the 
neighborhood of a preassigned point [7, p. 88]. The mth Lebesgue constant is 
the integral of the absolute value of the Dirichlet kernel which appears in the 
familiar integral representation of the partial sums of a Fourier series. It may 
be written as follows: 


2 7/2 | sin (2n + 1)¢ 
(1) —f | n=1,2,---. 
sin 


If the Dirichlet kernel is replaced in (1) by its transform under a given 
summation method, then the non-boundedness of the resulting integral is 
necessary and sufficient for the existence of (i) a continuous function whose 
Fourier series is non-summable by the method in question at a given point, and 
(ii) another whose Fourier series is summable everywhere, but not uniformly in 
the neighborhood of a prescribed point. This approach has been used fre- 
quently in the study of summability questions. 

Lebesgue’s method is also applied to the study of similar convergence and 
summability questions arising in the study of developments other than Fourier 
series, but the corresponding constants will not be considered here. 

The divergence of the sequence {L,} , all that was necessary for his purposes, 
was verified by Lebesgue and more precise results were given by quite a few 
later authors. References to much of the literature are in [5] and [8]. 

The principal term and the constant term in the asymptotic expansion of L, 
as a function of were found first by Fejér [2]. Short derivations of the prin- 
cipal term, (6) below, are given, for example, in [6, p. 52] and [11, p. 172]. 
Szegé [10] has provided a particularly elegant analysis of {L,}, showing, e.g., 
that it is completely monotonic. 

The purpose of this note is to present a new elementary derivation of (6), 
along different lines, together with some allied results. The main idea is first to 
replace sin ¢, or, more generally, the periodic function g(t), by its average value 
and then to show that the resulting error is bounded. In greater detail and with 
more apparatus, this approach has been used [8] to derive more precise results. 

The desired formulae are all corollaries of the following theorem: 


THEOREM. Let g(t) be an integrable function of period p such that 


(2) f a 
exists in some sense. Then, for 0 <r(£) =0(€) (E>), 
1/r(&) 
(3) =f dt = m log + O(1), 
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where 


1 f P 
m= — g(t)dt. 


In the proof of the theorem the following result is used: 
gir(—) 
(4) fo = = 001, 
1 
To prove the latter, the second mean-value theorem is applied, yielding 


gir(—) 
f im g(t) } dt -f {m — g(t) }dt, 


The right-hand integral is bounded for all n, since m is the mean value of the 
periodic function g(t) over its complete period. Thus, (4) is proved. 


Proof of theorem. 


1/r(&) t t €/r(é) t 1 
0 t 0 t 1 t s 8 


&/7(&) g(t) 
f +000) 


am 1 


&/r(&) 
-f — {m— g(}at +001) 


] O(1), 
+ O(1) 


which completes the proof. 
Coro.iary 1. If, further, g(t) is bounded, then 


w/2 
(S) f = dt = m log + O(1), 
0 sin t 
Proof. Put r(€)=4m in (3) and then consider the difference between the 
integrals in (3) and (5). The coaclusion then follows from the boundedness of 
g(t) and of 
1 1 


sin ¢ t 


CorROLLaryY 2 (The Lebesgue Constants). 


(6) log n + O(1), (n— 


} 
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Proof. Here g(t) = (2/m)| sin t|, &=2n+1, p=z, and 
1? 2 4 
m=—f —|sin¢| dt =—- 
wJo 
Replacing |sin (2n+1)t| by sin?(2n+1)t in the sequence {L,} gives a se- 
quence { F,,}, introduced by Fejér [2], who pointed out that its unboundedness 


has the same consequences as does that of the sequence {L,} 
In this instance, g(#) =(2/m) sin? t, E=2n+1, and 


1 
— sin? idt = —- 
us 
This gives 
CorOLLaryY 3 (The Fejér Constants). 
/2 sin? (2 1)t 1 
(7) F, -=f t = — log n + O(1), (n— 
sin ¢ 


Gronwall [3] made a complete and very simple analysis of Fejér’s constants. 
Finally, Hardy [4] observed that the divergence of the function 


2 sin? tt 
Fa(®) = — f — dt, «) 


implies the existence of a continuous function whose Fourier series is not even 
Borel summable at a given point. The same is true of 


2 | sin 
Lp(t) = — dt, (§— ~). 


Taking into account that r(£) now equals £, the theorem gives the follow- 
ing additional relations: 


Coro.uary 4 (Borel Summability). 


1 
(8) Fp(t) = — log + O(1), (E— @), 
and 
2 
(9) = log + O(1), 


Strictly speaking, Fp(£) and La(&) are not the Fejér and Lebesgue constants, 
respectively, for Borel’s methods, but, rather, for a method equivalent to his 
for the Fourier series of functions for which 


f(x + t) + f(x — t) — 2s 0, (¢— 0), 


cra t 
=} 
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in particular, of continuous functions. In the light of Hardy’s observation 
(above), Corollary 4 establishes the existence of a continuous function whose 
Fourier series is not Borel summable everywhere, a phenomenon discovered 
first by Moore [9]. 


References 


1. P. du Bois-Reymond, Untersuchungen iiber die Convergenz und Divergenz der Fourier’- 
schen Darstellungsformeln, Abhandl. Akad. d. Wissens. Miinchen, vol. 12, 1876, pp. 1-103. 

2. L. Fejér, Lebesguesche Konstanten und divergente Fourierreihen, J. f. d. reine u. angew. 
Math., vol. 138, 1910, pp. 22-53. 

3. T. H. Gronwall, Uber die Lebesgueschen Konstanten bei den Fourierschen Reihen, Math. 
Ann., vol. 72, 1912, pp. 244-261. 

4. G. H. Hardy, Remarks on some points in the theory of divergent series, Annals of Math., 
series 2, vol. 36, 1935, pp. 167-182. 

5. G. H. Hardy, Note on Lebesgue’s constants in the theory of Fourier series, J. London 
Math. Soc., vol. 17, 1942, pp. 4-13. 

6. G. H. Hardy and W. W. Rogosinski, Fourier Series, Cambridge Tracts in Mathematics 
and Mathematical Physics, number 38, Cambridge, 1944. 

7. H. Lebesgue, Lecons sur les Séries Trigonométriques, Paris, 1906. 

8. L. Lorch, Asymptotic expressions for some integrals which include certain Lebesgue and 
Fejér constants, Duke Math. J., vol. 20, 1953, pp. 89-103. 

9. C. N. Moore, On the application of Borel’s method to the summation of Fourier’s series, 
Proc. Natl. Acad. Sci., vol. 11, 1925, pp. 284-287. 

10. G. Szegé, Uber die Lebesgueschen Konstanten bei den Fourierschen Reihen, Math. Zeits., 
vol. 9, 1921, pp. 163-166. 

11. A. Zygmund, Trigonometrical Series, Warsaw, 1935. 


MATHEMATICAL NOTES 
Epitep By F. A. FIcKEn, University of Tennessee 


Material for this department should be sent to F. A. Ficken, University of Tennessee, 
Knoxville 16, Tenn. 


REMARK ON ORTHONORMAL SETS IN 2(a, 5) 
Epwin Hewitt, University of Washington 


H. P. McKean has recently given a short proof that the Hermite func- 
tions form a complete set of orthonormal functions in %.(— ©, ©) [this 
MonTBLy, vol. 59, 1952, pp. 621-622.]. His proof, however, uses a decidedly 
non-elementary theorem due to N. Wiener. We give here a brief and reasonably 
elementary proof of a theorem which implies the completeness of the Hermite 
functions and the Laguerre functions as special cases. 


THEOREM. Let — © Sa<bS+o. Let p(x)€2(a, b) be different from zero 
almost everywhere and also be O(e-*!#!) for some a>O as | x| 0 (ifa=—© or 
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b=+ 0). Then the functions ++, On, «formed from the linearly inde- 
pendent set { x"p(x) a by the Gram-Schmidt orthonormalization process are a 
complete set in %(a, b). 


Let z=u-+w be a complex variable and let f be an arbitrary element of 
6). Let F(z) = [re**p(x)f(x)dx. For — <a<b<+~, it is evident that 
F(z) is an entire function and that 


(1) F(z) = inf (n = 0, 1, 2, 3,--+). 


For a= — © or b=+ ©, a simple computation, which we omit, shows that F(z) 
is analytic in the strip —a<v<a, and that F(z) has the representation (1). 
Now, if 


=0 (n=0, 1, 


it follows that F™ (0) =0 (n=0, 1, 2, - - - ). This implies that F(z) =0 identically 
in its domain of definition. Hence in particular F(u) = [Re™*p(x)f(x)dx =0 for 
— 0 <u<o. The function p(x)f(x) is thus a function in &(a, 6) whose Fourier 
transform vanishes identically. By the classical uniqueness theorem for Fourier 
transforms, p(x)f(x)=0 almost everywhere, and since p(x) is different from 0 
almost everywhere, f and f‘are 0 almost everywhere. 

Taking a= — ©, b=+~, and p(x) =e-*/*, we see that the Hermite func- 
tions are a complete orthonormal set. Taking a=0, b=+ 0, and p(x) =e-2/?, 
we see that the Laguerre functions form a complete orthonormal set. 


A NECESSARY CONDITION FOR THE CONVERGENCE OF /?f(x)dx 
A. E. Livincston,* The Institute for Advanced Study 


Let log x=x and log x=log [log@- x] for k=1, 2, - -. Consider the 
following statement: 

P(n): If f(x) [[8~? log x is non-increasing in a neighborhood of infinity 
and if is convergent, then lim... f(x) []® x=0. 

That P(0) is true is well-known, and M. J. Norris has shown (Some necessary 
conditions for convergence of infinite series and improper integrals, this MONTHLY, 
vol. 60, 1953, pp. 96-97) that P(m) is true for n=1, 2, - - -. He then used this 
fact to obtain the corresponding result for infinite series. 

It is the purpose of this note to prove the following 


THEOREM. Let G(x) = f4[g(t) |-"dt be strictly increasing to + ©. If f(x)g(x) is 
non-increasing in a neighborhood of infinity and if JPf(x)dx is convergent, then 
lim, (x) g(x)G(x) =0. 


Proof: It is clearly no restriction to assume that all neighborhoods of in- 


* The author is a National Science Foundation Fellow. 
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finity involved are the interval a<x< «. Note that the hypothesis that G(x) 
be strictly increasing in a neighborhood of infinity is nothing more than the 
requirement that g(x) be positive and finite in this neighborhood. 

Let H(y) be the function inverse to G(x): H[G(x) ]=x and G[H(y) ]=y. Then 


f = f lay. 


since H(y) is strictly increasing to + ©. By hypothesis, f(#)g(t) is a non-increas- 
ing function of t. Since H(y) increases with y, it follows that f[H(y) ]g[H(y) ] is 
a non-increasing function of y. Hence, by P(0), lim, ... f [H(y) lg[H(y) ]y=0. The 
proof is completed by setting y=G(x). 

There is, of course, a corresponding result for infinite series. 

Norris’s result follows from the above theorem by taking g(x) = []37' log x 
and A =exp,_1 1, where expo x =x and exp, x=exp x]. 

Specializing g(x) to be [2log™ x]-! []8-! log x, n21, and A to be exp, 1 
gives G(x) = [log™ x]*. Hence, if f(x) [log™ x]-! []3-! log x is nonincreasing 
and f7f(x)dx is convergent, then lim... f(x) x=0. The conclusion is 
that of P(m), but the hypothesis is considerably weaker. 


A NOTE ON A PAPER OF GROSSWALD 
H. W. Govutp, Portsmouth, Virginia 


In his paper [1] through use of Legendre Polynomials and the Hyper- 
geometric Function, Grosswald has shown that the following sum is valid: 


1 
= (" ‘) where n — r = 2m. 
n+r n 


Written in this form the series may appear slightly different than the same 
result in Grosswald’s paper, but with minor changes of notation the series are 
identical. The reason for the present notation is that we shall evaluate the sum 
in question by a third method. Carlitz in his note [2], has given a second 
method of finding (1). But both these methods involve use of the Hypergeo- 
metric Function, which is not needed, for the series (1) may be found quite 
simply from the definition of the Legendre Polynomials alone. This also allows 
us to introduce some remarks about standard forms for this important poly- 
nomial. Most textbooks on the subject mention one or two, but seldom more 
standard forms of P,(x). We shall develop one of these which is neglected by 
many writers but which has been the inspiration of many discoveries of sup- 
posedly new summations, some of which are in fact new to the literature. 


(1) 


) 
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Therefore the writer feels they should receive more attention. (Note Rainville’s 
treatment [3].) 


Beginning with the definition of P,(x) by the relation 
1 n 
(2) P,(x) -1), 
2™n! 
we have the usual result: 
P(x) = > (-1)* ( 


n! k=0 


(—1) (n—r) /2 n (" + 7 
2* n+r 


Hence 


and 


DP, (x) | =r! for n = r (mod 2), 


(3) 


= 0 otherwise. 


But now, from (2) we may also write the following: 


1 n n n 
P,(x) = ——D.{(x — 1) (x + 1)°} 


1 Ld n k n_n—k n 
= 1) Dz (x +1) 
1 n 


=— — + 1)* 


2” 


mo\k/ 
Now this last sum may be found quite easily, in fact reference to a problem in 


the Elementary Problem Section will show that it has been the subject of much 


inquiry before. In problem E 799 (1948, p. 30) it was brought out that we have 
in fact 


a 
| 
\ 
4 2* 
r! 
D:P,(x)=— 
2” 
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| 
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which is a polynomial identity in x, each side being of degree n. From this we 
find therefore: 


and this will be the third form we touch on in this note. It follows immediately 
from this relation that: 


1 
We now only have to let x=0, obtaining 
( 
2* 


Since 


k=r 
(6) k=0 _ 


But the series here is exactly (1) which we were looking for. Equating (6) to the 
equivalent form of the derivative evaluated at x equal zero as given by relation 
(3) yields exactly the desired result. Therefore the series (1) results directly 
from one of the normal forms of the polynomials P,(x). 


we have 
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CLASSROOM NOTES 
EpiTep By G. B. THomas, Massachusetts Institute of Technology 


All material for this department should be sent to G. B. Thomas, Department of Mathe- 
matics, Massachusetts Institute of Technology, Cambridge 39, Mass. 


ON THE COMPUTATION OF DEFINITE INTEGRALS 
L. M. WEINER, DePaul University 


A disturbing problem which confronts the integral calculus student in the use 
of the fundamental theorem of integral calculus, 


(1) f f(x)dx = F(b) — F(a), 


to compute the area between the curve y =f(x) and the x axis from x =a tox=b 
is the case where F(x) is not a single-valued function. As an example, one finds 
by use of (1) that the area between the curve y\/1—x?=1 and the x axis from 
x= —}tox=}+/2 is equal to arc sin $./2—arc sin (—}). The question is which 
values should be chosen for arc sin 34/2 and arc sin (—}4) in order to obtain the 
correct area. 

To answer this question, one traces back the proof of (1) and finds that it 
is based directly upon the mean value theorem: 


(2) F(b) — F(a) = (6 — a)f(o), aScsSb. 


This theorem does not hold when F(x) is multiple-valued as may be seen by 
considering the circle, F(x) = ++/25—x? and choosing a=0, b=3, F(a) =—5, 
and F(b) =4. 


< 


(3,4) 


(0,-5) 


The standard textbooks require that F(x) be single-valued, and the proofs given 
are seen to hold for multiple-valued functions provided we limit ourselves to a 
single branch of the curve. In the particular example mentioned above, there is 
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no difficulty if we agree to limit ourselves to the principal value of the function 
arc sin x; 4.e., —7/2SyS7/2. As a working rule for calculus students, who are 
concerned primarily with continuous functions, one might state, “Choose a point 
on the curve y= F(x) with abscissa a and proceed along the curve constantly 
to the right if b2a or constantly to the left if bSa until the first point with 
abscissa b is reached. The ordinate of this point along with the ordinate of the 
original point when substituted in (1) will then give the correct value of the area 
for the curve y=f(x).” 

In applying this rule to the example given above, we must remember that 
Jdx//1—x?=arc sin x only for those branches of y=arc sin x for which the 
tangent has a positive slope, and fdx/./1—x?=-—arc sin x for those branches 
for which the tangent of y=arc sin x has a negative slope. 


DETERMINANTS AND PLANE EQUATIONS 
R. R. Stott, Oberlin College 


In an elementary exposition of solid analytic geometry it is quite common to 
find the equation of the plane determined by three noncollinear points 
¥s, 21), 2, 3, written in the form 

2ys 
21 
Yo 22 


%3 Ys 23 


That determinants can also be used to advantage in deriving the equations of 
planes satisfying other standard conditions, seems to have been overlooked. 
For example, the equation of the plane through the points (x;, y;, 2;), 
4=1, 2, and perpendicular to the plane with equation ax+by+cz=d is 
zys i 
1 
(1) 
Ve 1 


= 0. 


Indeed, the only novelty of the statement, viz. the perpendicularity of the given 
plane and (1), follows from the relation 


1 


Yo 22 1 
e6es 
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upon expanding the determinant by the elements of the first row, since the co- 
efficients of a, b, c are the coefficients of x, y, z, respectively in (1). 

Again, the equation of the plane through (x, y:, 21) and perpendicular to 
each of the planes a,x+b,y+c=d;, i=1, 2 (or in other words, perpendicular 
to a given line) is 


i 
1 
a, C1 0 


ae bo Ce 0 


Finally, it is amusing and sometimes profitable to discuss in a beginning 
class the equation 


xyes 
a, b; c, O 


a2 bo C2 0 


a3 bs C3 0 | 


which is suggested by the foregoing as a possibility for the equation of a plane 
which is perpendicular to each of the three planes axx+b,y+c2=d;, i=1, 2, 3 


DEVELOPMENTS IN POWER SERIES 
R. C. Yates, U. S. Military Academy 


The purpose of this note is to suggest an expeditious method of obtaining 
power series expansions of certain real functions which show repetitive char- 
acteristics in their derivatives. A case in point is the function tan x whose suc- 
cessive derivatives are increasingly complicated but nevertheless somewhat re- 
petitive. It seems that the method might be used profitably in the beginning 
course in calculus. 

The spirit of the approach is illustrated with the trigonometric functions. 
Consider first the expansion of f(x) =sin x into the form 


3 eee 
2! 3! wild 


(1) f(x) = f(0) + + 


We have f’(x) =cos x and f’’(x) =—sin x= —f(x). The function sin x then is 
defined by 

(2) fr=—f 

together with the conditions f(0) =0, f’(0) =1. 


f 
= 
= 
ae 
=0 
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Equation (2) provides a recurrence formula for all derivatives. Thus 
= 0; f’"(0) = — = — 1; = — = 0; etc. 
Accordingly, with (1): 


The cosine function is defined by 
f(0) = 1, f'(0) = 0, 


and evolves in the same fashion. 
Consider 


f(x) = tan x. 
Here 
f=sec?xs=1+f? 
and this recurrence relation provides the succession: 
fr = + + 3f'); etc., 


so that 


f0)=0; fO)=1; f"O)=0; =2; =0; = 16; 


The expansion (1) for f(x) =tan x is thus 


2 16 
tanz=x+— 2° +— 


3! 5! 
For 
f(x) = sec x 
we have 
f'=secxtanz; ff” = sect x + sec x tan? x = 2f* — f, 
Thus 
= — fi f= Off" + 
fr = Off" + 36ff'f" + — ete, 
so that 
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etc, 


fO=1; fO=0; =5; etc. 


| = 
3! 
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Accordingly, 


1 5 
2 4 eee 


It is to be noted that the point of embarkation is the formation of the differ- 
ential equation which together with initial conditions defines the function. ‘ 

The method is, of course, of general use in determining solutions to some 
differential equations in the form of power series. For example, the equation i 
and condition 


yeety, 
yield to the method. Here 
which lead to 


This is a recognizable economy in comparison to the more prevalent substitu- 
tion of a series with undetermined coefficients directly into the differential 
equation. 


ELEMENTARY PROBLEMS AND SOLUTIONS 
EpiteD By Howarp Eves, State University of New York | 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, Harpur College, Endicott, New York. This department 
welcomes problems believed to be new and demanding no tools beyond those ordinarily fur- 
nished in the first two years of college mathematics. To facilitate their consideration, solutions 
should be submitted on separate, signed sheets, within three months after publication of 
problems. 


PROBLEMS FOR SOLUTION 

E 1111. Proposed by P. L. Chessin, Westinghouse Electric Corporation ' 
Our good friend and eminent numerologist, Professor Euclide Paracelso 
Bombasto Umbugio, has been busily engaged testing on his desk calculator the 

81-10° possible solutions to the problem of reconstructing the following exact 


long division in which the digits indiscriminately were each replaced by x save 
in the quotient where they were almost entirely omitted. 
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xxx 


xxx 


Deflate the Professor! That is, reduce the possibilities to (81-10°)°. 
E 1112. Proposed by L. C. Graue, Sacramento State College 


Consider two families of circles, one tangent at the origin to the x-axis and 
the other tangent at the point (1,1) to a line of slope m. Find the locus of the 
points of tangency of the two families. 


E 1113. Proposed by Peter Treuenfels, Ballistic Research Laboratories, Aber- 
deen Proving Ground. 


Let y(x) denote that solution of the differential equation dy/dx =x?+-y? 
which passes through the origin. Show that y(1) <23/53. 


E 1114. Proposed by Viktors Linis, University of Saskatchewan 


What is the diameter of the smallest circular plate on which a semicircular 
pie can be placed if the pie is allowed to be cut in sectors of the same radius as 
the pie? 


E 1115. Proposed by R. M. Gordon, China Lake, California 


(1) Let Q:0203:04 be a (not necessarily convex) plane quadrilateral. On its 
sides construct similar isosceles triangles Q,P.Qri1 (with Q;=Q,:), having arbi- 
trary base angles 6. The angles Q,4:0,P, (=6) are oriented alternately clockwise 
and counterclockwise from the adjacent sides, Q.4:0., of the quadrilateral. 
Show that Pi, P2, P3, Ps, the vertices of the isosceles triangles, are the vertices 
of a parallelogram. 

(2) Let P,:P2P;P, be a plane quadrilateral. On its vertices construct similar 
isosceles triangles Q,P.Q.41 (with Q;=Q1) having vertex angles Q,P.Q.4: and 
base angles 0. The angles Q,,:0,P, (=@) are oriented alternately clockwise and 
counterclockwise in adjacent triangles. Show that, for arbitrary 6, the bases of 
the isosceles triangles are the sides of infinitely many quadrilaterals 01020304 
provided that P:P2P;P, is a parallelogram, and that if PiP2P3P, is not a paral- 
lelogram then there exists a unique quadrilateral 01020304. 
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SOLUTIONS 
A Symmetric Function 
E 1081 [1953, 550]. Proposed by A. E. Livingston, University of Washington 


Let f(xi,---,%n) be the mth order determinant |a,;| with a;;=x,; and 
a,j=1 for Clearly, f(x, , is symmetric in - - , X,. Find its rep- 
resentation in terms of the elementary symmetric functions in x, - + + , Xp. 


Solution by O. E. Stanaitis, St. Olaf College, Northfield, Minnesota. Per- 
form the operation col,—col, for k=1, 2, - - -,#-—1 and take out the factors 
,xX,—1. Now add the »—1 rows to the last row to get a tri- 
angular determinant with diagonal elements 1,---,1, 1+ > %, 1/(x;—1). 
Hence the determinant can be written in the form 


in E »| 


i=l 


= Pn — Pn-2 + 2Pn—s 3Pn—4 (-—1)*""(n 1) 
1) prs, (po = 1), 


as required. 

Also solved by J. W. Baldwin, L. F. Boron, S. H. Eisman, David Ellis, 
H. M. Feldman, N. J. Fine, A. D. Fleshler, R. E. Greenwood, A. S. Gregory, 
Zoran Ivkovic, M. S. Klamkin, J. A. Nickel, A. M. Ostrowski, M. J. Pascual, 
G. C. Smith, J. V. Wittaker, and the proposer. Late solutions by John Jones, Jr., 
S. Parameswaran, and W. D. Serbyn. 

Feldman remarked that the problem appears in Polya and Szegé, Aufgaben 
und Lehrsitze, vol. 2, p. 99, prob. 7, and, in slightly modified form, in Burnside 
and Patton, Theory of Equations, vol. 2, p. 57, prob. 20. 


A Consequence of Stirling’s Formula 
E 1082 [1953, 551]. Proposed by L. L. Pennisi, University of Illinois 
Show that lim,.. =e. 


Solution by O. E. Stanaitis, St. Olaf College, Northfield, Minnesota. If Stirling’s 
approximation for factorials, n!=+/2xn n"e—", is used, it follows that 


lim n(\/n/n!)¥/" = lim e/(2r)!/2" = e, 


Also solved by Leon Bankoff, P. M. Berry, L. F. Boron, Julian Braun, 
W. E. Briggs, P. L. Chessin, M. V. Davis, H. M. Feldman, N. J. Fine, A. D. 
Fleshler, D. S. Greenstein, A. S. Gregory, Emil Grosswald, J. W. Hamblen, 
Frank Harary, J. R. Hatcher, A. R. Hyde, C. E. Kerr, M. S. Klamkin, A. E. 
Livingston, David Mandelbaum, Jerome Manheim, D. C. B. Marsh, H. R. 
Menkes, Erich Michalup, J. D. Miller, Morris Morduchow, Leo Moser, C. S. 
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Ogilvy, M. V. Pai, M. J. Pascual, J. D. Reid, William Small, R. P. Smith, E. 
J. Steinberg, J. A. Tierney, J. V. Whittaker, R. R. Williams, Jr., and the 
proposer. Late solutions by Joseph Muskat, S. Parameswaran, W. D. Serbyn, 
j and C. W. Trigg. 


An Inequality Arising from the Sum of nth Powers 
E 1083 [1953, 551]. Proposed by F. J. Duarte, Caracas, Venezuela 


Suppose that x"+-y"=2", where n is a positive integer and x, y, z are positive 
real numbers. Show that (xy/z?)"<2/5. 


I. Solution by D. P. Richardson, University of Arkansas. We have, for any 
real number n, (x"—y")? =2°"—4x"y">0, whence 


II. Solution by Kovina Milosevich, Skoplje, Jugoslavia. Set (x/z)"=a, (y/z)” 
=b; then a+b=1. The maximum of the expression (xy/z?)"=ab =a—a? is 1/4. 
Therefore (xy/z?)"<1/4<2/5. Note that there is no need to restrict m to be 


integral. 
Also solved by A. N. Aheart, J. W. Baldwin, Leon Bankoff, L. F. Boron, 
Julian Braun, W. E. Briggs, P. L. Chessin, K. W. Crain, Monte Dernham, Fred 


Discepoli, I. A. Dodes, Edgar Dougherty, A. L. Epstein, H. M. Feldman, 
N. J. Fine, A. D. Fleshler, L. A. Fulk, D. S. Greenstein, A. S. Gregory, Emil 
Grosswald, J. W. Hamblen, J. R. Hatcher, Dudley Herschbach, M. H. Hoehn 
and A. Steger (jointly), Vern Hoggatt, A. R. Hyde, Ray Jurgensen, C. E. Kerr, 
M. S. Klamkin, Rose Lariviere, Mark Leum, A. E. Livingston, D. C. B. Marsh, 
H. H. Martens, G. T. Miller, J. D. Miller, Morris Morduchow, C. S. Ogilvy, 
Arthur Pancoe, M. J. Pascual, J. D. Reid, B. E. Rhoades, L. A. Ringenberg, 
Azriel Rosenfeld, F. C. Smith, G. C. Smith, R. P. Smith. O. E. Stanaitis, E. J. 
Steinberg, D. R. Sudborough, J. H. Wahab, L. E. Ward, Jr., Chih-yi Wang, 
R. H. Wilson, Jr., and the proposer. Late solutions by S. Parameswaran, W. D. 
Serbyn, and C. W. Trigg. 


A Sharpened Inequality 
E 1084 [1953, 551]. Proposed by R. E. Shafer, University of California 
Trygve Nagell in his book Elementary Number Theory shows that 


D (1/p) > log log x — 1, 


paz 


where the summation is over all primes » not exceeding x. Establish the sharper 
inequality 


Dd (1/p) > log log x + 1 — 22/6. 


| 
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I. Solution by Leo Moser, University of Alberta. Following Nagell’s treatment 
(Elementary Number Theory, pp. 57-59) we set P:= [ps2 (1—1/)-' and find 
(1) P, > log x. 
On the other hand 
log Ps = — log (1 — 1/p) = (/p + 1/2p? + 1/3p* +--+). 


Now 
(2) 1/2p? + 1/3p? + < (1/2)(1/p? + 1/p? +--+) = 1/2p(p — 1), 
so that 
(3) (1/298 + 1/39" +--+) < (1/2)D 1) = 1/2 
Paez n=i 
Combining (1), (2), (3) yields 
u (1/p) > log log x — 1/2, 


which is better than the required result. 
It is clear that this result can be further improved. It is well known that 


> (1/p) = log log x + B+ O(1/log? x) 


paz 

for every q (Landau, Primzahlen, p. 201), and it has been shown that 
B=0.26149721284764278375543 - - - 

(H. M. Terril and L. Sweeney, J. Franklin Inst. 239, pp. 242-243 [1945]). 


II. Solution by J. R. Hatcher, Fisk University. Writing log (1—1/p) as a 
power series in 1/p shows that —log (1—1/p) —1/p<1/p*. Therefore, since 


— 1) > log and > 1/p? = 49/6 — 1, 
paz 2 
we have 


> (1/p) > log log x + 1 — 4/6, 
paz 


Also solved by L. F. Boron, W. E. Briggs, N. J. Fine, J. W. Hamblen, 
W. D. Serbyn, J. A. Tierney, and the proposer. 
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ADVANCED PROBLEMS AND SOLUTIONS 


EpitTep By E. P. Starke, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten 
with double spacing and margins at least one inch wide. Problems containing results believed to 
be new or extensions of old results are especially sought. Proposers of problems should also en- 
close any solutions or information that will assist the editor. In general, problems in well 
known textbooks or results in readily accessible sources should not be proposed for this de- 
partment. 


PROBLEMS FOR SOLUTION 


4572 [1954, 52]. Correction. Proposed by Paul Erdés, University of Notre 
Dame 


Let b, be a sequence of non-negative integers such that 
lim — >> 
N kml 


Let f(n)—+~ denote the number of 6,’s with 1SkSm for which 5,>0. If lim 
f(n)/n=0, show that 


is irrational. 


4583. Proposed by M. S. Klamkin, Polytechnic Institute of Brooklyn 
For a,=1, n=1, 


Sa 


is transcendental. Find other non-decreasing sequences {a,} such that S is 
transcendental. 


4584. Proposed by W. F. Cheney, Jr., University of Connecticut 

The equation, 15x?—78x+97=0, has a root 3.14160+, and the equation, 
27x? —55x—50=0, has a root 2.71829+. It is required to find quadratic equa- 
tions with integer coefficients, each less than 100 in absolute value, which have 
roots closest to m and e, respectively. 

4585. Proposed by H. F. Sandham, Trinity College, Ireland 

Denoting the number of partitions of m by p(m), prove 

= np(n) 1 


cosh 
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4586. Proposed by Robert Steinberg and F. A. Valentine, University of Cali- 
fornia at Los Angeles 


Consider a bounded closed convex set So in the Euclidean plane. Let S, be 
the parallel convex set to So, that is, the set of all points whose minimum 
distance from So is at most 7. Designate the centroid of S, by g,. 

Show that the set of points g, (0Sr< ©) is a point or an arc of an hyper- 
bola (possibly degenerate) lying in So. Does g., have a simple geometric relation- 
ship with So? 


4587. Proposed by A. E. Livingston, University of Washington, and Harry 
Pollard, Cornell University 
Show that 
— (2n+ ye f x sin xdxf 1. 
(2n4+1) 
(A similar statement holds for 


x! sin xdx.) 


SOLUTIONS 
A Polynomial Assuming Prescribed Values 


4508 [1952, 640]. Correction. In the solution of this problem in the February, 
1954, issue, by Chih-yi Wang, the solver points out the following misprint: on 


page 128, line 2, for 
r—1 r—1 
( ) read ( ). 
k k 


An Irrational Number 


4518 [1953, 47]. Proposed by Paul Erdés, University of Notre Dame, and 
Mark Kac, Cornell University 


For each integer m let o,.(m) be the sum of the kth powers of its divisors. It is 
a natural conjecture that 


n=1 n! 


is irrational. Prove this for the case k=2. (The case k=1 is problem 4493 [1953, 
557].) 


Solution by Robert Breusch, Amherst College. Let p be a prime greater than 0, 
and also greater than 20, and assume 


o2(n) a 


nm) n! 


~ 


~ 
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with a, 5 integers. Multiply by (p—1)!; then 


o(p) + 1) = o2(n) 


is an integer. Now o2(p) = p?+1; and for every n>20, 


< ox(n) < 1/0? < < n(n — 1)-7/4, 


Thus 
o2(n) = n(n — 1)(1+ a,), with 0 <a, < 3/4. 


Now the following expression must be an integer: 


(1+ an)n(n — 1) 
+ 1) n=pt2 P(p+1)---m 
1 = 1 + a, 
But 
+--+...) 
ppt 1) 


for p>20, which is a contradiction and establishes the proposition. 
Also solved by Richard Brauer and Oscar Goldman, Leonard Carlitz, and 
the Proposer. 


A Summation 
4519 [1953, 47]. Proposed by H. F. Sandham, Trinity College, Ireland 
Prove that 
(1—n)(2-—n) 1 { 2:-4+-+2n 
(itn)(2+n) 5 1-3 (Qn —1) 


Solution by the Proposer. The following somewhat more general result will be 
proved: 


(1 —m)m(1— %)m 1 m+ 


(1+ m)m(1+2)m 2 + 


a 
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where, as usual, we put (a),=a(a+1) - - -(a+r—1), (a)o=1. The case x=} is 
that the problem proposed. 

When «x is an integer it is easily verified that the formula is symmetric in 
and x. 

Assume the formula is true for n»=1, 2,---,p—1. Now take n=p and 
multiply across by (x+1) ,-1, and it is required to prove that two polynomials 
of degree p—1 in x are identical. Because of the symmetry between m and x 
and the assumption made on n, these polynomials are already equal for x 
=1,2,---+,p-—1. If they are proved equal for one more value of x they must 
be identical and the formula will be established. Take x =1—>p and all terms of 
the summation vanish except the one for which m=p—1, whence it remains 
only to show that 


(1 P) »—1(P) p—1 1 P) 


(i+ 2 Gp 
an but this is immediate. 

Also solved by Leonard Carlitz, H. W. Gould, O. E. Stanaitis, Chih-yi 
Wang, and J. V. Whittaker. 
fe Editorial Note. Carlitz remarks that the formula is true also for non-integral 


a n if the right member is put in the form 
2 + 1))* 
4n + 1))? 
i See W. N. Bailey, Generalized Hypergeometric Series, Cambridge, 1935, p. 96. 
3 The left member is 
F(i — n, 1; n; x*)dx. 
0 
” An Inequality Involving Moments 


4520 [1953, 48]. Proposed by N. S. Mendelsohn, University of Manitoba 
Let (x) be a Lebesgue measurable function in the interval 0 $x $1 such that 


= 0, f xo(x)dx = 1. 


Show that | p(x) | 24 in some set of measure greater than zero. 


Solution by R. P. Agnew, Cornell University. If |¢(x)| <4 almost everywhere, 
then 


| 
| 
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so that the result follows. If |¢(x)| does not exceed 4 in some set of measure 


greater than zero, then |¢(x)| =4 almost everywhere. 
This proof illustrates the fact that if ¢(x) has given moments 


1 
maf x*o(x)dx, k=0,1,---,m, 
0 


not all zero, and if | d(x) | <M almost everywhere in 0 Sx 31, then information 
about M can be obtained from the inequality 


1 
<a f 
0 


which holds whenever ¢, - - - , ¢, are not all zero. For the case of the special 
problem proposed, the inequality reduces to 


n 


k=0 


dx 


‘6(2) 


k=0 


n 
cex* 
k=0 


1 1 
lal < arf lcot+cix|dx or f | + dx 
0 0 


and the best estimate of M is obtained when ¢9/c,: = —}. The conditions of the 
problem are satisfied if ¢(x) = —4 when 0 Sx S$} and ¢$(x) =4 when 4<x3l. 
Also solved by P. T. Bateman, Richard Bellman, R. P. Boas, Jr., Harry 
Furstenberg, S. L. Jamison, P. G. Kirmser, M. S. Klamkin, A. E. Livingston, 
E. A. Maier, H. S. Shapiro, J. G. Wendel, Albert Wilansky, J. E. Wilkins, Jr., 
E. M. Wright, and the Proposer. Late solutions by S. Aljantié and R. Bojanié. 
# Editorial Note. Boas remarks that a similar proof, using Hélder’s inequality, 
establishes the result 


1 l/p 
{ f > 2(q + 


where 1<p<o and g=p/(p—1). The proposed problem is the limiting case 
q=1. The other limiting case gives 


0 


Shapiro refers also to a more general inequality involving moments, due to 
Riesz, as given in Banach’s Théorie des Opérations Linéaires, pp. 74-77. Bate- 
man solves the problem by the method of the paper On Moment Spaces, Bell- 
man and Blackwell, Annals of Mathematics, 1951. 

Klamkin remarks that if ¢(¢) is considered to be an acceleration the problem 
can be restated: If a particle starts and ends at rest traversing one foot in one 
second, then its acceleration must have been numerically 2 4 ft./sec.? for some set 


| 
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of positive measure. See Courant Differential and Integral Calculus, Vol. I, p. 
556. 


Limiting Value of a Definite Integral 


4522 [1953, 48]. Proposed by O. E. Stanaitis, St. Olaf College, Northfield, 
Minn. 


Evaluate 
(2kh+1) 
lim sin tdt 
2ke 
where ¢(x) =x— [x], a>1, and [x] denotes the greatest integer in x. 
Solution by E. M. Wright, University of Aberdeen, Scotland. We write 
V(x) = o(x) B=1/a, w= ¢ = (2kr)*, d = (2k + 
= Bu sin 
We have then 


(2h+1) (2k+1) 
f o(i*) sin tdt = 1+ sin tdt 
2 


ke 


f V(u) f(t) du. 


Now, for all u2c, 


= f = 0(1), 


f(u) = = O(u**) = 


and, on integration by parts, 


f V(u)f(u)du = f "(udu 


= O(c") {1 + 


= {1+ — = 40 


as ko. Hence the value of the required limit is 1. 

Also solved by M. I. Aissen and Albert Novikoff, P. G. Kirmser, and the 
Proposer. 

Editorial Note. Kirmser proves the following generalization: If f(t) is con- 
tinuous in aStSb, o(x) =x— [x], a>1, then 


i} 
te 
= 
[ 
| 
ik 
| 
\ 
> 


1954] ADVANCED PROBLEMS AND SOLUTIONS 269 


Aissen and Novikoff established the theorem: Let f(t) be defined and be 
convex and monotone increasing for a<t< @, and let 


lim 1) — f@} = @. 


Further, let g(t) be periodic with period T and properly Riemann-integrable in 
[0, T]. Then 


; A+T 1 T 
Jim Ja at = g(t)dt. 


Linear Congruence in Real, Projective Space 
4523 [1953, 123]. Proposed by H. S. M. Coxeter, University of Toronto 


Given a point P in real projective space, and four skew lines a, ), c, d, find 
a linear construction for the line through P of the linear congruence determined 
by a, b, ¢, d. 


Solution by A. P. Dempster, University of Toronto. Every line of the given 
congruence is linearly dependent on (1.e., belongs to the regulus determined by) 
three lines which are each linearly dependent on three of the four given lines. 
We seek a line through P which will be dependent on f, c, d, where f is de- 
pendent on a, 8, c. 

The line f is found as follows. The transversal from P to ¢ and d, say, 
e=Pc-Pd, meets the quadric abc in one known point C=c-Pd and therefore 
meets it in another point F. The plane Pc, touching the quadric, meets it in ¢c 
and a second generator g. The sections of the generators a and b by this plane 
lie on the quadric and therefore on g. Thus g is the join (Pc-a)(Pc-b), and the 
desired point F is 

g:e = (Pc-a)(Pc-b)- Pd. 


Since F is on the quadric, there is a member f, through F, of the regulus abc, 
viz., the transversal from F to any two transversals of the three lines a, }, c. 
Now the line e passes through P and is a transversal of f, c, d. Therefore we can 
draw a member h, through P, of the regulus fed, viz., the transversal from P to 
any two transversals of the three lines f, c, d. This h is the line we were asked to 
construct. 

This particular construction breaks down if the points C and F coincide, 
t.e., if PC touches the quadric abc at C. But in that case we can use Pa- Pd or 
Pb-Pd instead of Pc: Pd .The only case in which the method would fail com- 
pletely is when all these three transversals are tangents. But then Pd would be 
the tangent plane at P, and the problem would be solved by taking the generator 
through P of the regulus abc. 

Also solved by W. R. Andress. 
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Consecutive Integers Whose Totients are Multiples of n 
4524 [1953, 123]. Proposed by E. C. Milner, University of Malaya, Singapore 


Prove that for any positive integers m, N there are blocks of consecutive 
integers of length greater than N, with the property that each of their totients 
is divisible by n. 


Solution by W. E. Briggs, University of Colorado. lf an integer is divisible 
by a prime # its totient is divisible by p—1. 

By Dirichlet’s theorem there are infinitely many primes congruent to 1 
modulo n. Let po, pi, -- +, Pw be any N+1 of the primes in this progression. 
By the Chinese remainder theorem, the following system of congruences is 
solvable: 


T = 0 (mod fo), T + 1 = 0 (mod f;),--- , T+ N = 0 (mod py). 
Therefore, for each solution T, of which there are infinitely many, each number 
of the block of consecutive integers T, T+1,---,T+N, is divisible by some 


pi, and its totient is divisible by p;—1 which is a multiple of n. 
Also solved by P. T. Bateman, Leonard Carlitz, S. H. Gould, J. B. Kelly, 
Leo Moser, and the Proposer. 


RECENT PUBLICATIONS 
EpiTep By E. P. VANcE, Oberlin College 
All books for review should be sent directly to E. P. Vance, Oberlin College, Oberlin, Ohio. 


College Algebra. By R. H. Bardell and Abraham Spitzbart. Cambridge, Addison- 
Wesley Publishing Company, Inc., 1953. ix+197 pages. $3.50. 


It is a rare and welcome pleasure, these days, to encounter the slim and 
compact freshman algebra text that achieves so admirably the goals intended 
by the authors. It is an extremely flexible and teachable text which allows of 
departures and amplifications without upsetting the continuity of the material. 
Clearly presented, concisely written, uncluttered by the irritating confusions 
of over-cautious development, yet it lacks none of the rigour necessary to such a 
text. 

An intensive and rapid review of High School Algebra, terminating in a set 
of well chosen review exercises, opens the book, enabling the instructor to check 
the capacities of his students and the students to check the solidity of their 
background. 
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Linear and quadratic functions, polynomials of higher degree and systems 
of equations are treated mainly from the centralizing concept of function and 
graphical representation, emphasis being placed upon the connection between 
zeros of a function and roots of an equation. A chapter on determinants is 
sufficient to introduce the student to their use and properties and gives him 
ample material upon which to base further exploration in this field should it be 
required. 

Probably the most exciting chapter in this fine little book is the one on 
Mathematical Induction and the Binomial Theorem. The method of induction 
is very lucidly presented and numerous examples are provided whereby the stu- 
dent may gain confidence in the use of this method of proof. 

The concluding chapters, Exponential and Logarithmic Functions, Progres- 
sions, Permutations, Combinations and Probability, round out and complete 
as unified and concise a text as I have seen. 

It is readily adaptable (as the authors point out) to a three, four or five 
semester hour course, with every expectation from the instructor of completing 
the text in this time without the necessity of omitting anything. 

The examples and review exercises, which intersperse the book, are care- 
fully chosen to amplify and supplement the textual material. Answers to odd 
numbered examples are given at the end of the book (answers to even numbered 
examples may be obtained from the publisher), as are also the conventional 
tables. 


M. A. OLIVER 
Bennington College 


College Algebra. By J. R. Britton and L. C. Snively. New York and Toronto, 
Rinehart and Co., 1953. x +502 pages. $5.00. 


In the opinion of the reviewer this book ranks among the best of a number 
of excellent texts in college algebra which have appeared in recent years. The 
material is exceptionally well organized and is presented clearly and concisely. 
That thoroughness and rigor characterize the theoretical developments is 
demonstrated, for example, in the treatment of division by zero, the theory of 
exponents, and extraneous roots of an equation. The exercises are well selected 
and graded and include more than the usual number drawn from geometry. In 
general the topics covered are those which commonly appear in such a text. 
Exceptions are the inclusion of a chapter on approximate numbers, highly to be 
commended, and one on finite differences. Topics not included which do appear 
in several recent texts are infinite series and elementary statistics. Following the 
text material are a table of powers, roots, and reciprocals, a five place table of 
common logarithms, a table of natural logarithms, a set of answers to the odd- 
numbered problems, and an index. 

Among the many features worth noting with approval are two in particular. 
One is the extent to which vectors are applied in connection with the discussion 


: 
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of complex numbers. The other is that proofs are given for the rules of operation 
for partial fractions, whereas they are omitted in most college algebra texts. 

In the nature of adverse criticism are the following three observations, all 
on relatively minor matters. On page 2, in the statement of “The Commutative 
Law of Addition,” the expression “a given set of numbers” might better be re- 
placed by “two numbers” unless a sufficient number of illustrative examples 
are given in support of the statement. The change would also make the state- 
ment of the law consistent with that of the corresponding law for multiplica- 
tion. It would also be preferable to avoid introducing the expression “real num- 
ber system” (page 108) until imaginary numbers are discussed. On page 270, 
Property 2 of complex numbers should for completeness be stated as a bicondi- 
tional property as is Property 1. 

J. C. PoLLey 
Wabash College 


Elements of Algebra. By V. B. Caris, Boston, Ginn and Company, 1953. vi+307 
pages. $3.30. 


This book covers the material which customarily appears in intermediate 
algebra. The first ten chapters include the usual topics in algebra through quad- 
ratic equations in one unknown, and the remaining four chapters are: (11) 
Quadratic Systems; (12) Ratio, Proportion, and Variation; (13) Logarithms; 
(14) Progressions. The chapter on progressions includes the binomial theorem 
for the case involving positive integral exponents, and a brief introduction to 
annuities. The text proper is followed by a table of squares and square roots of 
the numbers 1 through 150, a four place table of logarithms, a set of answers to 
odd-numbered problems, and an index. Answers to even-numbered problems 
are available in a separate pamphlet. 

The book is designed for use in a college course for students who have had 
only one year of algebra in secondary school and for the dual purpose of serving 
as a text for either a terminal course for those needing or desiring only a second 


- course in algebra, or a course which aims to bridge the gap between elementary 


and college algebra. 

Clarity and simplicity of expression are characteristic of the development of 
the topics. The format of the text is excellent. The use of boldface type in the 
statement of rules, laws, and special forms, and, in particular, the liberal inter- 
polation of the statements in agate type with appropriate headings such as 
NOTE, CAUTION, and HINT, are features highly to be commended. The ex- 
ercises are well selected and are more than adequate from the point of view of 
both variety and quantity. 

There are a few instances of confusing or inaccurate statements. On page 12, 
in the paragraph defining “root of an equation,” the second sentence needs re- 
writing for the sake of clarity and accuracy. The first sentence of the last para- 
graph of Section 52, page 88, should also be rewritten. In the first sentence of 
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Section 114, page 225, the words “either integral or fractional” should be de- 
leted for the sake of accuracy. In the first paragraph of Section 42, page 73, 
treating “factored form of an expression” and “factors of an expression” as 
synonymous is unfortunate. 

On the basis of comparison with a representative selection of texts in the 
area, this text rates with the best and, for the purposes for which it is designed, 
it is superior to most. 


J. C. PoLiey 
Wabash College 


College Algebra. By R. R. Middlemiss. New York, McGraw-Hill Book Company, 
1952. 20+344 pages. $3.50. 


This text comprises the usual topics to be found in a college algebra including 
a chapter on Compound Interest and Annuities. It is carefully written, and due 
attention has been paid to the order of the topics. For example, complex num- 
bers are introduced along with quadratic equations. The author’s aim is to 
give the student the necessary training in technique with due regard to the logic 
of the procedures involved. He carefully distinguishes between a theorem and 
its converse, reverses the usual order in making a proof by mathematical in- 
duction, and stimulates the interest of the better student by references to 
where one might find a proof of the fundamental theorem of algebra and a more 
thorough discussion of irrational numbers. 

Such matters as “division by zero” and equivalent equations are carefully 
discussed, but the student might conceivably get the impression that such equa- 
tions as x—4=0 and (x—4)*=0 are equivalent. Cramer’s Rule is taken up in 
the chapter on Determinants, and both the method of successive linear approxi- 
mations and Horner’s method are discussed in the Theory of Equations. 
The “proof” of the Remainder Theorem possesses the usual weakness of assum- 
ing the identity: P(x) =(x—r)Q(x)+R after establishing it for one or two iso- 
lated cases, and absolute values are not used in stating the properties of loga- 
rithms. 

All in all, however, this reviewer finds the text unusually well-written, and 
adaptable for a liberal arts course in College Algebra or a moderate engineering 
course. The exercises are carefully chosen, and a wise choice has been made of 
“word” problems. We agree with the statement on the back “flap” that “the 
problems in the text require the student to analyze his procedures carefully, to 
respect accuracy, and to know the reason behind the problem’s solution.” 
Answers are given for all problems excepting where simple checks are available 
or where it has been found wiser to omit the answer. An adequate index is in- 
cluded with four-place tables of common logarithms and the natural and 
logarithmic trigonometric functions. Included also are tables of powers and 
roots, natural logarithms, exponential and hyperbolic functions, (1+7)*, 
(1+2)-*, amount of annuity of 1 per period, and present value of annuity of 1 
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per period. The teacher would also be interested in the forty-eight lesson ar- 
rangement including topics and problem assignments. 
H. S. GRANT 
Rutgers University 


Algebra for College Students. By R. R. Middlemiss, New York, McGraw-Hill 
Book Company, 1953. 10+394 pages. $3.75. 


This book differs from the author’s College Algebra only in the fact that the 
first three chapters, for which eleven lessons were scheduled, have been replaced 
by five chapters covering essentially the same material, namely, the real num- 
ber system, polynomials and rational functions, linear and quadratic equations. 
This enables the instructor to review this elementary material more thoroughly 
for those -tudents who need it. The revised schedule calls for a maximum of 
twenty-two lessons to cover this material as compared with only eleven lessons 
in College Algebra. The lessons would be shorter and contain more purely 
“drill” exercises. However, each instructor might adjust the schedule for these 
early chapters to meet the needs of his class. 

This reviewer feels that Professor Middlemiss has succeeded somewhat in 
making clear to the student the vast difference between mere mechanical rou- 
tine and straight, honest thinking, and he has done this without departing from 
traditional subject matter. There is much of value in the topics one usually 
associates with College Algebra, and Professor Middlemiss has succeeded in 
emphasizing the necessity for striking a proper balance between the mastery 
of essential techniques and the understanding of the logic behind the procedures 
involved. 

H. S. GRANT 
Rutgers University 


Intermediate Algebra for Colleges. By J. B. Rosenbach and E. A. Whitman. 
Boston, Ginn and Company, 1951. 11+219+22 pp. $3.00. 


This little book seems ideal for review and necessary drill work with poly- 
nomials, factoring, fractions, functions, graphs, exponents and radicals, linear 
and quadratic equations, variation, the binomial theorem, progressions, and 
logarithms. Since the book is intended for college students, it includes some- 
thing in the way of formal definitions and proofs. The exercises are carefully 
graded and copious and do not contain long lists of repetitious drill problems, but 
enough such problems to strengthen the weaker student. The illustrative ex- 
amples are excellent, and throughout the text are warnings against certain 
common errors, and both supplemental and historical notes. 

The book is intended not only as a review and further training in the tech- 
niques of algebra preparatory to a sound course in college algebra, but also as a 
terminal course in algebra for students interested in such things as natural or 
social science, or business administration. Whether or not it could be used for 
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this latter purpose would of course depend on the aims and purposes of those 
adopting the text. It contains no probability or statistics, but it does contain 
sufficiently challenging material for those whose secondary school training in 
algebra has been inadequate. The authors use statement problems to link alge- 
bra with many other fields without the use of other than simple algebraic 
manipulations. 

The book is clearly and concisely written, thoroughly teachable and readily 
understood. Answers are given to the odd-numbered problems only, there is 
quite an adequate index, and a four-place table of common logarithms, as well 
as tables of powers, roots, and reciprocals, Napierian logarithms, and important 
constants and their logarithms are included. Throughout the text applications 
to other fields of endeavor are constantly kept in mind, and painstaking care 
is taken in the illustrative examples and elsewhere to make the solution of cer- 
tain specific problems which constantly arise in practice crystal clear to the 
student. The long experience of the authors in the field of teaching has taught 
them where most pitfalls lie in working these problems, but whoever might use 
this book must not expect that the student has been warned of every pitfall 
that may arise. 

In summary then, it is the opinion of this reviewer that here is a text that 
gives adequate review and necessary drill in the fundamental techniques of 
intermediate algebra preparatory to a strong course in college algebra. The main 
part of a course using this text would consist in working most of the excellent 
problems presented. Although the statements in the text are for the most part 
concise and clear, the student would derive little benefit from them without 
working a fair number of the exercises. The illustrative examples seem quite 
adequate for the early exercises, but some of the later problems will challenge 
the better students. Although its treatment of the theory involved is adequate 
for the purposes in mind, this text is definitely one in which the student learns 
the theory by the practice. 

H. S. GRANT 
Rutgers University 


NEW BOOKS RECEIVED 


Stability Theory of Differential Equations. By Richard Bellman. New York. 
McGraw-Hill Book Company, 1953. 13+166 pages. $5.50. 

Principles of Numerical Analysis. By A. S. Householder. New York, Mc- 
Graw-Hill Book Company, 1953. 10+274 pages. $6.00. 

Tables of Coefficients for the Numerical Calculation of Laplace Transforms. By 
H. E. Salzer (Bureau of Standards Applied Mathematics Series 30), 1953. 36 
pages. $.25. 

Simultaneous Linear Equations and the Determination of Eigenvalues. Edited 
by L. J. Paige and Olga Taussky (Bureau of Standards Applied Mathematics 
Series 29), 1953. 126 pages. $1.50. 

Tables of Natural Logarithms for Arguments Between Zero and Five to Sixteen 
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Decimal Places. (Bureau of Standards Applied Series 31), 1953. 201 pages. $3.25. 
Faster Than Thought. A Symposium on Digital Computing Machines. Edited 
by B. V. Bowden. London, Putman and Sons, Ltd., 1953. 19+416 pages. $4.75. 
Elementary Differential Equations. New Fourth Edition. By L. M. Kells. 
New York, McGraw-Hill Book Company, 1954. 10+266 pages. $4.00. 

Math Is Fun. By Joseph Degrazia. New York, Emerson Books, Inc., 1954. 
159 pages. $2.75. 

First Course in Abstract Algebra. By R. E. Johnson. New York, Prentice-Hall, 
Inc., 1953. 8+257 pages. $5.50. 

Calculus. By G. B. Thomas. Cambridge, Addison-Wesley Publishing Com- 
pany, 1953. 614 pages. $6.50. 

Higher Transcendental Functions, Volumes I and II. By the Bateman Project 
Staff. Editor, A. Erdélyi. New York, McGraw-Hill Book Company. Inc., 1953. 
Vol. I, 26+302 pages. $6.50. Vol. II, 17+396 pages. $7.00. 

Tables of 10*. (Bureau of Standards Applied Series 27), 1953. 543 pages. 
$3.50. 

Mathematics, Plus and Minus. By L. K. Field. New York, Pageant Press, 
1954. 15 pages. $2.00. 


NEWS AND NOTICES 
EpiTeD By EpitH R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending 
news items to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
must be submitted at least two months before publication can take place. 


MEETING OF MATHEMATICS DIVISION OF A.S.E.E. 


The Mathematics Division of the American Society for Engineering Educa- 
tion has planned an instructive program for the A.S.E.E. meetings to be held 
at the University of Illinois, Urbana, Illinois, June 14-18, 1954. Dr. R. S. Bur- 
ington, Bureau of Ordnance, Navy Department, is Chairman of the Mathe- 
matics Division and is in charge of the program. 

The sessions on June 16 will be devoted to a panel discussion on “Problems 
of Training in the Use of Computing Equipment,” led by Dr. C. V. L. Smith of 
the Office of Naval Research. Members of the panel include Professor W. H. 
Boghesian, University of Pennsylvania; Dr. J. W. Carr, University of Michigan; 
Dr. W. J. Eckert, Watson Scientific Computing Laboratory; Professor M. R. 
Hestenes, University of California; Professor P. M. Morse, Massachusetts In- 
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stitute of Technology; Professor F. J. Murray, Columbia University. The panel 
will deal with the problems of training mathematicians, physicists, statisticians 
and engineers in the utilization of automatic computing equipment, both ana- 
logue and digital. Particular attention will be devoted to the type of training 
that can be provided in typical engineering schools and universities, only a few 
of which have, or can afford to have, any large scale installations. Attention will 
be given to the problems involved in the operation, maintenance and use of 
such machines, as well as those relating to the formulation of problems in a man- 
ner suited for machine operation. 

On June 17, Dr. C. V. Newsom, Associate Commissioner of Higher Educa- 
tion, State of New York, will give his retiring address on “The Introductory 
College Course for Engineers.” 

In addition, at sessions on Thursday and Friday, there will be lectures by 
the following: Professor G. B. Price, University of Kansas, who will speak on 
“The Mathematical Needs of Engineering Students” and Professor B. E. 
Meserve, University of Illinois, who will lecture on “Strengthening the Teach- 
ing of Mathematics in Engineering Schools;” Professor Karl Menger, Illinois 
Institute of Technology; Professor C. O. Oakley, Haverford College; Dr. L. W. 
Cohen, National Science Foundation; and Dr. F. J. Weyl, Office of Naval Re- 
search. 

“The Place of Mathematical Statistics and Probability Theory in Engineer- 
ing Curricula” is the subject of a panel discussion to be held Thursday afternoon 
under the leadership of Dr. W. P. Pabst, Bureau of Ordnance, Navy Depart- 
ment. The members of this panel have been selected to reflect various points of 
view in industry, government and education. The panel includes: Mr. J. H. 
Davidson, General Electric Co.; Dr. Forest Blanding, Standard Oil Develop- 
ment Co.; Professor I. W. Burr, Purdue University. This discussion will be of 
considerable interest to engineering educators and mathematicians alike. 


CALIFORNIA CONFERENCE FOR TEACHERS OF MATHEMATICS 


The California Conference for Teachers of Mathematics is holding its fourth 
annual meeting on the Los Angeles Campus of the University of California 
during the period July 6-16, 1954. The Conference is sponsored by the Univer- 
sity in cooperation with the California Mathematics Council. General sessions 
include a wide variety of lectures, panel discussions, and campus tours. The 
choice of study groups will satisfy a wide range of individual interests. Of special 
interest are the laboratory groups in elementary and secondary mathematics 
where teachers may actually learn to make many of the teaching aids which 
are sO necessary in our modern schools. Two units of credit may be earned by 
those participating in the Conference. A moderate fee is charged. For further 
information write to Clifford Bell, Mathematics Extension, University of Cali- 
fornia, Los Angeles 24, California. 
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RECORDINGS OF RADIO PROGRAMS OF THE UNIVERSITY OF OKLAHOMA 


Seventeen 15-minute radio broadcasts on mathematics have been given dur- 
ing the current academic year by members of the staff of the University of 
Oklahoma. Anyone wishing a tape recording of one, or more, of these broadcasts 
may secure them in the following manner: 

Your magnetic tape, in a single reel film shipping case, or packed between 
sheets of corrugated cardboard and wrapped in heavy paper, can be mailed to 
Tapes for Teaching, Educational Materials Services, University of Oklahoma, 
Norman, Oklahoma. 

A service charge of 50 cents for each 15-minute broadcast, plus postage 
charges, will be made for duplication of our master tape onto your tape. Be 
sure to state whether your recorder runs at 3 or 73 inches per second! All record- 
ings will be single track; however they will play on double track recorders. Each 
15-minute broadcast will require a minimum of 300 feet of tape at 3? in./sec. 
or 600 feet at 734 in./sec. Standard tape lengths are 600 feet (5 inch diameter) 
and 1200 feet (7 inch diameter) reels. Order tapes by giving the date on which 
the talk was given, the complete title, and the name of the speaker. 

As a convenience to those who do not wish to send in a tape, recordings may 
be rented at $1.50 per 15-minute recording for a five day period. 


Programs 


October 5—Mathematics—Our Great Heritage, C. E. Springer 

October 12—How Mathematics Started, J. O. Hassler 

October 19—The Struggle for a Number System, J. O. Hassler 

October 26—Butter and Eggs Mathematics, R. C. Dragoo 

November 2— Mathematical Pastimes, J. C. Brixey 

November 9—Codes and Ciphers, R. V. Andree 

November 16—Proving the Impossible, A. F. Bernhart 

November 23—Misinter pretation of Statistical Data, B. T. Goldbeck 

November 30—Quality Control, J. C. Brixey 

December 7—Running Around in Circles, N. A. Court 

December 14—Entertaining Mathematics, N. A. Court 

December 21—Small Observatories, B. S. Whitney 

December 28—New Light on an Old Problem, R. V. Andree 

January 4—What Should a High School Student Expect from Mathematics?, 
Miss Dora McFarland 

January 11—Mathematics and Stamp Collecting, W. N. Huff 

January 18—Random Walk and Gambler’s Ruin, P. W. M. John 

January 25—Why Study Geometry? J. O. Hassler 


SUMMER SESSIONS 


The following institutions announce advanced courses in mathematics for 
the summer of 1954: 
Boston University. June 1 to July 10: Professor Scheid, numerical analysis. 


i 
4 
| 
| 
ra 
sh. 


1954] NEWS AND NOTICES 279 


July 12 to August 21: Professor Blackett, point set topology; Professor Noether, 
statistical methods in research. 

The Catholic University of America. June 28 to August 7: Professor Ramler, 
college geometry, synthetic projective geometry, differential equations; Profes- 
sor Finan, higher algebra II; Professor Rice, advanced calculus II; Professor 
Moller, higher algebra I; Professor Lepson, advanced calculus I; Professor 
Mendousse, applied mathematics with engineering applications; Professor 
Taam, partial differential equations of mathematical physics. 

Columbia University, Teachers College. July 5 to August 13: Professor Fehr, 
teaching arithmetic in the elementary school, current problems in teaching 
secondary school mathematics; Professors Fehr and Rosskopf, research and 
departmental seminar in teaching mathematics; Professor Rosskopf, the history 
of mathematics, survey of higher mathematics for teachers; Professor Shuster, 
field work in mathematics, teaching non-academic mathematics in high school; 
Mr. Rourke, teaching of algebra in secondary schools, professionalized subject 
matter in advanced secondary school mathematics; Professor Kays, materials 
and models in mathematical education. July 12 to 16: Professor Fehr and spe- 
cial lecturers, workshop in teaching mathematics. 

De Paul University. June 28 to August 4: Professor DeCicco, analytic dy- 
namics, polygenic functions; Professor Caton, theory of equations. June 14 to 
August 6 (evenings): Professor Caton, potential theory I. 

Massachusetts Institute of Technology. July 12 to July 16: Professors Wiener 
and Lee will conduct a one week special program entitled “Mathematical Prob- 
lems of Communication Theory.” 

New York University. July 6 to August 13: Professor Bradley, history of 
mathematics; Dr. Dodes, the program of mathematics in general eduation; Dr. 
Harrison, the teaching of arithmetic; Dr. Kinsella, mathematics for graduate 
students of education. 

Stanford University. June 21 to August 17: Professor Bacon, ordinary dif- 
ferential equations; visiting professors (to be announced later), selected topics 
from the theory of functions of a complex variable, hydrodynamics. 

University of Buffalo. July 6 to August 13: Professor Gehman, infinite series; 
Professor Schneckenburger, non-euclidean geometry; Professor Montague, 
advanced methods for teachers of mathematics. 

University of California, Department of Mathematics. June 21 to July 30: 
Professor McDonald, coordination in mathematics for secondary schools. 

University of California, Statistical Laboratory. June 21 to July 31: Professor 
Rao, multivariate analysis; Professor Neyman, individual research leading to 
higher degrees. August 2 to September 11: Professor Neyman, individual re- 
search. 

University of Colorado. June 14 to July 20 and July 22 to August 24: Mr. 
McLeod, foundations of analysis; Professor Sniveley, vector analysis; Professor 
Stahl, Fourier series and boundary value problems; Mr. Zirakzadeh, funda- 
mental concepts of geometry (first term); Mr. Smith of St. Louis Public Schools, 
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teaching of secondary school mathematics, mathematics workshop in teaching 
problems (first term). 

University of Florida. June 11 to August 7: Professor Cowan, Fourier series; 
Professor Ellis, theory of groupoids and/or foundations of mathematics; Pro- 
fessor Gormsen, foundations of geometry; Professor Hadlock, advanced topics 
in calculus; Professor Hutcherson, differential geometry; Professor Kokomoor, 
history of mathematics; Professor Lang, calculus of variations; Professor Moore, 
theory of groups of finite order; Professor Phipps, vector analysis; Professor 
Pirenian, advanced college geometry; Professor Rohde, tensor analysis. 

University of Illinois. June 18 to August 14: Professor Bateman, theory of 
rings; Professor Schoenfeld, measure and integration. 

University of Michigan. June 21 to August 13: Professor Bartels, intermedi- 
ate differential equations and Fourier analysis; Mr. Bicknell, mathematics of 
life insurance; Professor Coe, mechanics; Professor Craig, analytic theory of 
frequency functions; Professor Darling, theory of probability and theory of 
mathematical statistics; Professor Hay, plates and shells and vector analysis; 
Professor Hildebrandt, linear integral equations; Professor Jones, history of 
geometry, teaching of collegiate mathematics; Professor Leisenring, modern 
geometry; Professor Lyndon,‘structure of rings and theory of matrices; Dr. 
McLaughlin, analytic projective geometry; Professor Myers, normed algebras; 
Professor Reade, operational mathematics and functions of complex variable 
with applications; Professor Samelson, functions of real variable and general 
spaces; Professor Thrall, higher algebra; Professor Young, foundations of 
mathematics. 

University of Minnesota. June 14 to July 17: Professor Wilcox, intermediate 
calculus, vector analysis; Professor Kalisch, theory of numbers, elementary 
theory of summability; Professor Loud, calculus of finite differences, integral 
equations. July 19 to August 21: Professor Koehler, advanced calculus; Mr. Slye, 
mathematical reasoning and theory of equations; Professor Gelbaum, mathe- 
matics of transient analysis, intermediate differential equations. 

University of Nebraska. June 8 to July 30: Professor Doole, advanced euclid- 
ean geometry; Professor Basoco, differential equations; Professor Leavitt, solid 
analytic geometry; Professor Halfar, topics in analysis. 

University of North Carolina. June 10 to July 17: Professor Winsor, introduc- 
tion to higher geometry; Professor Jones, fundamental concepts; Professor 
Mackie, theory of equations; Professor Linker, differential equations; Professor 
MacNerney, topics in analysis; Professor Brauer, elementary theory of num- 
bers. July 19 to August 25: Professor Garner, history of mathematics; Professor 
Hill, elementary mathematical statistics; Professor Lasley, elementary analytic 
geometry from a higher standpoint; Professor Hoyle, advanced calculus. 

Twelve fellowships of $225 plus tuition and fees, provided by a grant from 
the E. I. du Pont Company, are available for qualified secondary school teachers 
in the Southeast. 
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University of Oklahoma. June 14 to August 9: Professor Bernhart, college 
geometry, vector analysis; Professor Huff, elementary differential equations; 
Professor Lafon, ordinary and partial differential equations; Professor Brixey, 
theory of numbers; Professor Foote, advanced partial differential equations. 

University of Pittsburgh. June 7 to July 16 and July 19 to August 27: Profes- 
sor Blumberg, advanced calculus; Professor Levine, modern algebraic theories; 
Professor Taylor, geometry of the complex domain; Professor Myers, algebraic 
geometry; Professor Laush, differential equations (first term), integral equa- 
tions (second term); Professor Bryson, Laplace transform theory and applica- 
tions (first term), differential equations (second term). June 14 to August 6 
(evenings) : Professor Christiano, differential equations for engineering students; 
Professor Bryson, vector analysis. June 28 to August 6: Professor Teats, geom- 
etry for teachers, history of mathematics; Professor Edwards, mathematical 
theory of statistics; Professor DeSua, recreational mathematics for teachers; 
Professor Laush, theory of equations. 

University of South Carolina. June 15 to August 17: Professor Williams, 
vector analysis; Professor Hedberg, theory of numbers, theory of equations; 
Professor Collins, college geometry. 

University of Washington, June 21 to August 20: Professor Beaumont, linear 
algebra; Professor Jerbert, differential equations; Professor Avann, vector 
analysis; Professor Cramlet, topics in applied analysis; Professor Dekker, 
foundations of geometry; Professor Aggarwal, statistical inference in applied 
research. 

University of Wisconsin. June 28 to August 20: Professor MacDuffee, ab- 
stract algebra; Professor Thomas of Duke University, theory of integral equa- 
tions, advanced topics in complex variable theory. 

University of Wyoming. June 14 to July 16: Professor Barr, seminar in 
geometry; Professor S. R. Smith, vector analysis, numerical analysis; Professor 
W. N. Smith, ordinary differential equations; Professor Steen, theory of equa- 
tions, college geometry. July 16 to August 20: Professor Schwid, partial dif- 
ferential equations, theory of functions of a complex variable; Professor 
Varineau, higher algebra, advanced calculus, fundamental concepts of mathe- 
matics. 

West Virginia University. June 2 to July 13: Professor Stewart, differential 
equations; Professor Vest, Fourier series, partial differential equations; Profes- 
sor Mamelak, introduction to modern algebra (I). July 14 to August 20: Pro- 
fessor Vehse, calculus of variations; Professor Peters, introduction to modern 
algebra (IT). 

PERSONAL ITEMS 


Alabama Polytechnic Institute announces the following: Assistant Professors 
Ernest Ikenberry, and W. A. Rutledge have been promoted to associate profes- 
sorships; Mr. J. C. Wilson of Louisiana State University and Dr. N. C. Perry of 
San Jose State College have been appointed to assistant professorships. 
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Bucknell University reports the following: Professor C. H. Richardson has 
retired from the position of Chairman of the Department of Mathematics, but is 
continuing as Professor of Mathematics; Professor W. I. Miller has been elected 
Chairman of the Department. 

At Lehigh University: Dr. R. C. Carson and Mr. S. L. Gulden have been ap- 
pointed to instructorships; Mr. J. F. Burke and Mr. T. F. Green have been ap- 
pointed to graduate assistantships. 

Ohio University announces: Mr. Jack Elliott, previously a graduate assistant 
at Michigan State College, Miss Beverly Ferner, and Mr. Floyd Poole, formerly 
of the Bendix Research Division, have been appointed to instructorships; In- 
structor Andrew Sterrett is now at Denison University. 

University of Pennsylvania announces the following: Dr. Murray Gersten- 
haber, formerly at the Institute for Advanced Study, has been appointed to an 
assistant professorship; Associate Karl Zeller of the University of Tiibingen, 
Germany has been appointed Visiting Lecturer for the year 1953-54. 

Dr. Don Alkire of the University of South Dakota has been appointed In- 
structor and Departmental Supervisor of Teacher Training at Fresno State Col- 
lege. 

Dr. M. L. Anthony, formerly a research engineer with Armour Research 
Foundation, Chicago, Illinois, has accepted a position as Senior Research 
Engineer with Chicago Midway Laboratories, Illinois. 

Adjunct Professor W. E. F. Appuhn of Polytechnic Institute of Brooklyn is 
Visiting Professor of Mathematics in the College of Pharmacy, St. John’s Uni- 
versity, for the second semester of 1953-54. 

Mr. C. R. Berndtson, formerly with Nuclear Development Associates, 
White Plains, New York, is teaching at Vinalhaven High School, Maine. 

Professor J. G. Bowker of Middlebury College has been named Dean of the 
Faculty. 

Mr. C. L. Bradshaw has accepted a position as a mathematical analyst with 
Lockheed Aircraft, Marietta, Georgia. 

Mr. J. A. Carpenter, previous with Snow and Schule, Inc., Cambridge, 
Massachusetts, has a position as Mathematician with Ultrasonic Corporation, 
Cambridge, Massachusetts. 

Mr. J. J. Chakalis, recently a student at Northeastern University, has ac- 
cepted a position as an oceanographer with the Division of Tides and Currents, 
Department of Commerce, Washington, D. C. 

Mr. N. H. Choksy has received an appointment as a research assistant in 
the College of Engineering, University of Wisconsin. 

Miss Laura E. Christman has retired from her position at Senn High School, 
Chicago, Illinois. 

Dr. J. H. Curtiss, formerly of the National Bureau of Standards, Washing- 
ton, D. C., has been appointed Senior Scientist in the Institute for Mathematical 
Sciences, New York University. 
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Reverend F. T. Daly has been appointed to the staff of Regis College, 
Denver, Colorado. 

Miss Carolina D. del Mar, formerly a graduate student of St. Louis Univer- 
sity, has been appointed to an instructorship at the University of San Carlos, 
Cebu City, Philippines. 

Miss Betty C. Detwiler, previously a student at Kentucky Wesleyan College, 
has been appointed to a graduate assistantship at Washington University. 

Mr. W. C. Dixon, formerly at the United States Naval Proving Ground, 
Dahlgren, Virginia, has been appointed Research Associate in the Computation 
Laboratory, Wayne University. 

Mr. F. W. Donaldson, who has been a staff member of the Los Alamos 
Scientific Laboratory, has accepted a position as a senior aerophysics engineer 
with the Consolidated Vultee Aircraft Corporation, Ft. Worth, Texas. 

Mr. F. A. Downing of North Carolina Utilities Commission, Raleigh, has 
accepted a position with P. H. Hanes Knitting Company, Winston-Salem, North 
Carolina. 

Dr. William H. Durfee, previously at the National Bureau of Standards, 
Washington, D. C., has accepted a position in the Operations Research Office, 
Chevy Chase, Maryland. 

Professor J. C. Eaves of Alabama Polytechnic Institute has been appointed 
Head of the Department of Mathematics of the University of Kentucky. 

Assistant Professor Bernard Epstein is on leave of absence from the Univer- 
sity of Pennsylvania for the year 1953-54 and is engaged as a research associate 
at the Institute of Mathematical Sciences, New York University. 

Dr. W. S. Ericksen of the United States Forest Products Laboratory has 
been appointed to a professorship at the United States Air Force Institute of 
Technology. 

Assistant Professor Trevor Evans of Emory University is on leave of ab- 
sence and has been appointed a research associate at the University of Chicago. 

Professor Tomlinson Fort of the University of Georgia has been appointed to 
a professorship at the University of South Carolina, effective September, 1954. 

Mr. T. L. Glahn has accepted a position as a technical engineer with General 
Electric Company, Evendale, Ohio. 

Dr. M. J. Gottlieb of the University of Chicago has been appointed Director 
of Research, Market Facts, Inc., Chicago, Illinois. 

Mr. Donald Greenspan has returned to his position as an instructor at the 
University of Maryland after a period of military service. 

Mr. R. L. Gulley has a position as a mathematician with the Bureau of 
Ships, Navy Department, Washington, D. C. 

Mr. H. H. Harman, formerly in the Statistical Research and Analysis Unit, 
Department of the Army, Washington, D. C., is engaged now as Social Scientist 
with the Rand Corporation, Santa Monica, California. 

Assistant Professor A. R. Harvev, San Diego College, has been promoted 
to an associate professorship. 
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Associate Professor E. E. Haskins of Fenn College has been appointed Pro- 
fessor and Head of the Department of Physics, Norwich University. 

Mr. P. S. Herwitz has accepted a position as a research associate at the 
Institute for Cooperative Research, Johns Hopkins University. 

Mr. Ernest Johnston has been appointed to the staff of Wisconsin State 
College, Whitewater. 

Associate Professor T. L. Jordon of Wofford College is now a staff member of 
the Los Alamos Scientific Laboratory, Los Alamos, New Mexico. 

Assistant Professor M. L. Keedy of North Dakota State College has been 
appointed to an instructorship at the University of Nebraska. 

Mr. B. C. Kenny of Lehigh University has accepted a position as a mathe- 
matician with the Vitro Corporation of America, Florida. 

Mr. Rolando Lara, formerly a graduate student at the University of Okla- 
homa, has a position with the Seismograph Service Corporation, New Orleans, 
Louisiana. 

Dr. L. S. Laws, recently a graduate assistant in the School of Education, 
Michigan State College, has been appointed Professor and Dean-Registrar at 
Southwestern College. 

Dr. Walter Leighton, Jr., professor and chairman of the Department of 
Mathematics, Washington University, and chief of the Mathematics Division, 
Office of Scientific Research, United States Air Force, has been appointed Pro- 
fessor and Head of the Department of Mathematics, Carnegie Institute of 
Technology, effective July 1, 1954. 

Dr. T. M. Little has accepted a position as Extension Vegetable Specialist 
at the University of California, Riverside. 

Mr. T. C. Littlejohn has a position as a computing analyst with Douglas 
Aircraft Company, Long Beach, California. 

Assistant Professor G. G. Lorentz of the University of Toronto has been 
appointed to a professorship at Wayne University. 

Mr. L. I. Lowell, formerly with Boeing Airplane Company, Seattle, Wash- 
ington, has accepted a position as a research analyst with Northrop Aircraft, 
Hawthorne, California. 

Mr. J. E. McGaughy, previously a lecturer at Columbia University, is with 
the United States Civil Service, Eglin Air Force Base, Florida. 

Mrs. Ann R. Merzbacher has been appointed to an instructorship at Duke 
University. 

Associate Professor W. H. L. Meyer, Jr., of the College of the University of 
Chicago, is spending the year 1953-54 as Visiting Associate Professor at 
the University of California. 

Dr. Mabel D. Montgomery of the University of Buffalo has been appointed 
Supervisor of Credentials, Office of the Registrar. 

Mr. P. S. Null has accepted a position with the Elliott Company, Ridgway, 
Pennsylvania. 
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Mr. V. D. Nyhoff is teaching at Beloit High School, Kansas. 

Mr. E. M. Olson, previously lecturer at Columbia University, is engaged 
as a mathematician with the Ballistics Research Laboratories, Aberdeen Proving 
Ground, Maryland. 

Dr. A. M. Peiser, formerly chief mathematician with Hydrocarbon Research, 
Inc., is engaged now in private consulting, with offices in Wantagh, New York. 

Mr. P. C. Rapp of Bell Aircraft Corporation, Niagara Falls, New York, has 
been promoted to the position of Dynamicist. 

Assistant Professor P. M. Pepper of Ohio State University has been pro- 
moted to an associate professorship. 

Mr. V. G. Ryan of St. Joseph’s College has been promoted to an assistant 
professorship. 

Mr. Charles Saltzer of Case Institute of Technology has been promoted to 
an assistant professorship. 

Associate Professor Abraham Seidenberg of the University of California has 
held a Guggenheim Fellowship during the year 1953-54. 

Professor H. G. S. Sharma of Tingaraj College, Balgaum, India, is now at 
Siddaganga Samscrit College, Mysore, India. 

Mr. Malcolm Smith, formerly a mathematician at Wright Air Development 
Center, Dayton, Ohio, has accepted a position as a senior engineer with Cook 
Research Laboratories, Chicago, Illinois. 

Mr. R. K. Smith, previously with American Cyanamid Company, Idaho 
Falls, Idaho, has accepted a position as an engineer with Boeing Airplane Com- 
pany, Seattle, Washington. 

Miss Margaret O. Taylor, formerly a mathematician with Gulf Research 
and Development Company, Pittsburgh, Pennsylvania, has accepted a position 
with Continental Oil Company, Ponca City, Oklahoma. 

Dr. Feodor Theilheimer, who has been at the Naval Ordnance Laboratory, 
Silver Spring, Maryland, has a position with David Taylor Model Basin, 
Carderock, Maryland. 

Mr. V. E. Thomas, previously a graduate student at the University of 
Massachusetts, has been appointed to an instructorship at West Virginia Uni- 
versity. 

Mr. W. E. Timon, Jr., has been appointed to an instructorship at Louisiana 
State University. 

Mr. J. D. Tupac, formerly at the United States Naval Air Missile Test 
Center, Pt. Mugu, California, is now with the Rand Corporation, Santa 
Monica, California. 

Mr. Eugene Usdin, who has been a research engineer with Stanolind Oil and 
Gas Company, Tulsa, Oklahoma, is now with the Southwestern Computing 
Service, Tulsa, Oklahoma. 

Dr. Jack Warga, recently with Republic Aviation Corporation, Farmingdale, 
New York, has accepted a position with Consolidated Engineering Corporation, 
Pasadena, California. 
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Mr. E. H. Weiss, who has been with the Bureau of the Census, Washington, 
D. C., is now with the Engineering and Research Corporation, Riverdale, 
Maryland. 

Assistant Professor R. E. Wheeler of Florida State University has been 
appointed to an assistant professorship at Howard College. 

President W. E. Wilson of South Dakota School of Mines and Technology 
has been appointed Director of the Engineering Sciences Division, Office of 
Ordnance Research, Durham, North Carolina. 

Mr. W. H. Winnis, formerly a student at Iona College, is now a junior 
actuary with the Union Labor Life Insurance Company, New York City. 

Mrs. Elizabeth S. Wolf of the University of South Carolina has been ap- 
pointed to an instructorship at Indiana Technical College. 

Assistant Professor G. N. Wollan of Memphis College has been appointed 
to an assistant professorship at Purdue University Center, Ft. Wayne, Indiana. 

Mr. John Woodward, previously a research assistant at the University of 
Georgia, is now with the Surveillance Laboratory, Aberdeen Proving Ground, 
Maryland. 

Mr. Paul Yacynych, formerly a student at the University of Pittsburgh, 
has accepted a position as an electro-mechanical engineer with the Glen L. 
Martin Company, Baltimore, Maryland. 


Dr. J. J. Corliss, chairman of the Mathematics Department, Chicago Un- 
dergraduate Division, University of Illinois, died on September 28, 1953. He 
had been a member of the Association for twenty-three years. 

Assistant Professor Jan Kalicki of the Department of Philosophy, Univer- 
sity of California at Berkeley, died on November 25, 1953. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


Official Reports and Communications 


REPORT OF THE TREASURER FOR THE YEAR 1953 


Following is a summary of the report of Professor H. M. Gehman as Treas- 
urer of the Association for the year 1953. The complete report has been approved 
by the Finance Committee and accepted by vote of the Board of Governors. 
Any member of the Association who wishes the complete report of the Treasurer 
may obtain it by writing to the office of the Association. 

The Board of Governors has authorized the transfer of $500 from the General 
Fund to the Chauvenet Fund, expecting that hereafter payments of the 
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Chauvenet prize may be made from income alone. 

In connection with the report of the Treasurer, it should be noted that up to 
the end of 1953 no payments had been made toward the expenses of the Com- 
bined Membership List. It is expected that these payments will cause a sub- 
stantial deficit in the Current Fund of the Association during 1954. 


I. ToTaAL FUNDS OF THE ASSOCIATION ON JANUARY 1, 1953 


M & T Trust Co., Buffalo...... $ 9,370.81 
12,520.89 

8,614.53 

Chauvenet Fund.............. 700.40 

31,494.00 

$91,725.81 $91,725.81 


II. CurrRENT FunpD 


Balance, January 1, 1953....... $ 9,370.81 MonrTHLY 
Sale of back numbers.......... 1,362.77 Secretary-Treasurer’s Office 
ee 2.00 Postage and printing......... 1,826.95 
Sale of exchange periodicals... .. 55.50 478 .03 
Interest on General Fund....... 1,209.83 ra res 133.82 
Income from Hardy Fund...... 120.00 50.00 
Charges against Funds......... 158.70 Board of Governors............ 2,073.73 
Transfer from General Fund... . 447.13 
451.17 
Balance, December 31, 1953.... $11,124.99 
Ill. IV. V. 
Carus CHACE Houck 
FuND FuND FunpD 
Decrease in values of securities...................... 209 .36 176.79 120.96 
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VI. VII. VIII. 
CHAUVENET DUNKEL GENERAL 
FuNnD FuND FuND 
Decrease in value of securities.....................-. 10.47 201.21 444.30 
2.85 54.77 
Awardof 1953 Chauvenet Prize. 100.00 


IX. ToTtaL FuNDs OF THE ASSOCIATION ON DECEMBER 31, 1953 


$11,124.99 
14,833.38 
8,792.72 
1,115.58 
29,189.04 

$94,407.99 


M &T Trust Co., Buffalo...... $11,124.99 
$94,407.99 


NEW MEMBERS 


Professor H. M. Gehman, Secretary-Treasurer, announces that the following 
80 persons have been elected to membership by the Board of Governors on 


applications duly certified. 


M. KATHERINE ALEXANDER, M.A. (Alabama) 
Teacher, George S. Gardiner High School, 
Laurel, Miss. 

ANDEKIAN, M.A. (Wisconsin) Research 
Assistant, Radiation Laboratory, Johns Hop- 
kins University. 

JEROME Burtt, M.A.(Columbia) Asso. Prof., 

Tri-State College. 

F. C. CALABRESE, M.A.(Massachusetts) Jun- 
ior Development Engineer, Goodyear Air- 
craft Corp., Akron, Ohio. 

R. C. Carson, Ph.D.(Wisconsin) Instr., Le- 
high University. 

W. F. Cassipy, Ph.D.(Fordham) Prof., St. 
John’s University, Brooklyn, N. Y. 

D. L. Crarx, B.A.(Eastern Washington Col- 
lege of Ed.) Grad. Assistant, Oregon 
State College. 


C. N. Cocnran, M.S.(West Virginia) Instr.. 
West Virginia University. 

R. E. Cummincs, M.S. (Florida State) Mathe- 
matician, U. S. Navy Mine Countermeas- 
ures Station, Panama City, Fla. 

REv. J. F. S.J., M.S. (St. Louis) Instr., 
St. Louis University. 

R. A. Dean, Ph.D.(Ohio State) Lieutenant, 
U.S. Navy. 

D. B. EpELEN, Instr., McCoy College, Johns 
Hopkins University. 

F. P. Frary, B.S.(St. John’s) Asst. Project 
Engineer, Sperry Gyroscope Co., Great 
Neck, N. Y. 

Davip Gans, Ph.D. (New York) Asst. Prof., 
New York University. 

A. M. GuiicxsMAN, M.A.(Columbia) Teacher, 
Bronx High School of Science and Poly- 
technic Institute of Brooklyn. 
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Marion GoppArD, M.A. (Cornell) Asst. Prof., 
Elmira College. 

W. T. Hamitton, M.S.(Columbia) Instr., 
Long Island University. 

W. A. Hawkrnson, M.A. (Appalachian S.T.C.) 
Asst. Prof., Appalachian State Teachers 
College. 

W. A. Hernty, M.A.(Pittsburgh) Prof., 
Potomac State College. 

S. A. Horrman, B.A.(Pennsylvania) Grad. 
Student, University of Pennsylvania. 

S. P. HorrMan, Jr., M.A.(Yale) Asst. Prof., 
Polytechnic Institute of Brooklyn. 

W. W. Hooker, Student, Harvard University. 

E. C. Hussarp, M.S.(Western Illinois S.C.) 
Mathematician, U. S. Naval Proving 
Ground, Dahlgren, Va. 

C. E. Humpurey, Ph.D.(Texas) Research 
Psychologist, Johns Hopkins University. 

STEPHEN JAUREGUI, JR., Student, University 
of California. 

BERNARD Katz, B.A.(Brooklyn) Design Engi- 
neer, Hydro-Aire, Burbank, Calif. 

R. B. Kriecu, M.A.(Nebraska) Instr., Uni- 
versity of Colorado. 

STEPHEN KRUuLIK, Student, Brooklyn College. 

JosEPH KrusKAL, Jr., M.S.(Chicago) Stu- 
dent, Princeton University. 

A. J. Letno, A.B.(Fresno S. C.) Grad. Stu- 
dent, University of California. 

NorMaN LEvinE, Ph.D.(Ohio State) Asst. 
Prof., University of Pittsburgh. 

W. E. Matson, M.A.(Virginia) Instr. and 
Grad. Student, University of Virginia. 

A. D. Martin, Ph.D. (Washington U.) Instr., 
Oberlin College. 

I. A. McCorttum, M.A.(Northwestern) 
Teacher, North Carolina College. 

My.es McConnon, Ph.D.(Pittsburgh) Head 
of the Department of Mathematics, Nor- 
wich University. 

D. O. McKay, M.A.(Buffalo) Instr., Uni- 
versity of Buffalo. 

J. H. McKay, Ph.D. (U. of Washington) Instr., 
University of Washington. 

O. T. McMrian, M.A.(Michigan) Instr., 
General Motors Institute, Flint, Mich. 

R. E. Messick, M.S.(Illinois) Grad. Stu- 
dent, Carnegie Institute of Technology. 

IRENE P. MonaHAN, M.S.(Illinois) Asst. 
Prof., Keuka College. 


D. E. Myers, B.S.(Kansas S.C.) Grad. As- 
sistant, Kansas State College. 

D. J. Newman, Pu.D.(Harvard) Research 
Mathematician, Republic Aviation Corp., 
Farmingdale, N. Y. 

L. A. Onois, II, B.S.(Ohio) Junior Scientist, 
Westinghouse Electric Corp., Pittsburgh, 
Pa. 

Isapor Parpo, M.A.(Wisconsin) Mathema- 
tician, U. S. Naval Aviation Supply Depot, 
Philadelphia, Pa. 

E. J. Ph.D.(North Carolina) 
Instr., University of Delaware. 

P. A. PEenzo, B.S.(Youngstown) Grad. As- 
sistant, University of Pittsburgh. 

W. A. Prerce, Ph.D.(Harvard) Asst. Prof., 
Syracuse University. 

R. S. Preters, M.A.(Princeton) Instr., Phil- 
lips Academy, Andover, Mass. 

Emiry C. Prxiey, Ph.D.(Chicago) Asso. 
Prof., University of Detroit. 

S. I. PLrotrnick, M.E.E.(Delaware) Director 
of Research, Mathematics Research, Inc., 
State College, Pa. 

Hans RaDEMACHER, Ph.D.(Géttingen) Prof., 
University of Pennsylvania. 

H. L. Resnrxorr, Student, M.I.T. 

Fitomena R. Reyes, B.S.E.(Holy Ghost Col- 
lege, Manila) Quezon City, Philippines. 

Mrs. DoroTHEA J. RuHEA, B.A.(Bryn Mawr) 
Grad. Student, Bryn Mawr College. 

R. J. Routrs, M.A.(South Dakota) Instr., 
University of Idaho. 

MARABETH ROLLIns, Student, Texas Christian 
University. 

P. T. Rycc, M.S.(Iowa S.C.) Analyst, De- 
partment of Defense, Washington, D. C. 


L. W. Scumipt, M.S.(West Coast) Lab. Engi-: 


neer, Hydro-Aire, Inc., Burbank, Calif. 

R. I. Scrpor-Marcuock!, B.S.(Wayne) Elec- 
trical Engineer, Hoffman Laboratories, 
Los Angeles, Calif. 

R. C. Scott, B.A.(Amer. International C.) 
Grad. Student, University of Massachu- 
setts. 

R. G. SEYLER, Student, Pennsylvania State 
University. 

Henry SHARP, JR., Ph.D.(Duke) Asst. Prof., 
Georgia Institute of Technology. 

JEROME SHERMAN, B.Ch.E.(C.C.N.Y.) Engi- 
neer, Babcock & Wilcox Co., Research 
Center, Alliance, Ohio. 
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NATHAN SHKLOV, M.A.(Toronto) Special Lec- 
turer, University of Saskatchewan, Canada. 

James Sracas, B.A.(New York) Research 
Assistant, New York University. 

H. R. Smiru, Student, Johns Hopkins Univer- 
sity. 

J. J. Sopxa, Ph.D.(Harvard) Mathematician, 
Johns Hopkins University. 


C. J. Trempiay, M.A.(Southern California) 
Asst. Prof., Bard College. 

J. R. Van ANDEL, M.A.(Michigan) Asso. 
Research Engineer, Burroughs Corp., 
Philadelphia, Pa. 

MARCELLE M. WALKER, M.S. (Virginia S.C.) 
Instr., Virginia State College. 

J. W. WELLAND, U. S. Air Force. 


ArTHUR STEGER, M.A.(California) Instr... C. R. Waite, M.A.(Howard) Prof., State 
University of New Mexico. A & M College, Orangeburg, S. C. 

R. A. Stokes, M.A.(Mississippi) Instr., Uni- F. H. M. M.A. (Pennsylvania) 
versity of Mississippi. Prof., Drexel Institute of Technology. 

N. S. Tompson, M.A.(Columbia) Instr., C. S. Wotre, M.S.(Arizona) Asst. Prof., 
Manhattan College. Shepherd College, Shepherdstown, W. Va. 

R. G. Tompson, M.A.(Nebraska) Instr., W.B.Wootr, B.A.(Pomona) Grad. Student, 
University of Colorado. Claremont Graduate School. 

R. H. THompson, Student, M.I.T. 


THE APRIL MEETING OF THE KANSAS SECTION 


The thirty-eighth annual meeting of the Kansas Section of the Mathematical 
Association of America was held at Washburn University, Topeka, Kansas, on 
April 11, 1953. Professor P. M. Young, Chairman of the Section, presided at 
both the morning and afternoon sessions. 

One hundred thirty persons were present including the following forty-one 
members of the Association: 

R. W. Babcock, Wealthy Babcock, Florence L. Black, Jeneva J. Brewer, E. L. Dubowsky, 
Paul Eberhart, W. C. Foreman, L. E. Fuller, Albert Furman, W. H. Garrett, F. C. German, 
Laura Z. Greene, Georgia M. Haswell, Sabrina M. Hecht, C. V. Holmes, H. V. Huneke, W. C. 
Janes, J. L. Kelley, L. E. Laird, C. F. Lewis, Anna Marm, Margaret E. Martinson, Thirza A. 
Mossman, Agnes E. Nibarger, S. T. Parker, P. S. Pretz, G. B. Price, C. B. Read, L. M. Reagan, 
R. G. Sanger, Sister M. Nicholas, F. B. Sloat, G. W. Smith, R. G. Smith, E. C. Stopher, E. B. 
Stouffer, Wilmont Toalson, C. B. Tucker, A. E. White, Ferna E. Wrestler, P. M. Young. 


At the business session the following officers were elected: Chairman, 
Professor W. C. Foreman, Baker University; Vice-Chairman, Professor E. C. 
Stopher, Fort Hays Kansas State College; Secretary-Treasurer, Professor 
Laura Z. Greene, Washburn University. 

The program consisted of the following papers: 

1. Topology for the undergraduate, by Professor J. L. Kelley, University of 
Kansas. 


By using elementary notions on the homotopy of paths, correct and simple proofs of the basic 
results of complex function theory are possible. It is not necessary to assume or prove the Jordan 
curve theorem. As an example of technique, the fundamental theorem of algebra may be proved 
as follows: Suppose p(z) = >} .o%2"* is a polynomial without roots and that a9~0. For r20 
let $(r) be the integral of p’(z)/p(z) along the path for 0 StS 2x. Letting q(z) =zp’(z)/p(z), o(r) 
and ¢'(r) (re**)etdt =0. Hence ¢ is constant, and since ¢(0) =0, 
¢ is identically zero. However, as ©, approaches i = 2xin, which is a contradiction. 
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2. Some problems in the teaching of advanced calculus, by Professor R. G. 
Smith, Kansas State Teachers College. 


This paper considers two problems in the teaching of advanced calculus: Euler’s theorem and 
the definite integral. 

1) If e* is defined to be the limiting value of { =(1+70/n)*, it is a simple exercise to show that 
mod ¢ approaches 1 and arg ¢ approaches @ as m increases without limit. This method of proof has 
an advantage over most methods in that it is associated with a simple geometrical representation 
in the plane of complex numbers. 

2) Although the definite integral is defined in most texts in terms of the limiting value of an 
infinite series—few authors give any examples or exercises to illustrate the evaluation of the inte- 
gral as so defined. Several examples with equal or unequal subintervals were here presented, each 
resulting in a well known series. 


3. Solutions of systems of linear congruences, by Professor L. E. Fuller, 
Kansas State College. 


Systems of linear congruences with integral coefficients modulo a power of a prime are con- 
sidered. These congruences are assumed to be already in a form where the coefficient matrix is a 
modification of the ordinary triangular form for linear equations. In this form, the determinant of 
the coefficient matrix is the product of the diagonals. Using the augmented coefficient matrix, it 
is shown that if the constants are multiples of the diagonal elements of their rows, then the number 
of solutions is exactly equal to the product of the diagonal elements where any zero is replaced by 
the modulus. 


4. A survey of the certification requirements in mathematics for elementary and 
high school teachers, by Sister Mary Nicholas, Marymount College. 


In this paper, the deficiency in elementary mathematics of college freshmen was pointed out. 
The fact that no mathematics is required for the certification of elementary and high school teachers 
in some states led to the study of the certification requirements of the forty-eight states, Hawaii, 
and Puerto Rico. It was found that mathematics is required for elementary and high school certifi- 
cates in only thirteen of these. Colleges may help this situation by offering courses for teachers and 
advising those who plan to teach to enroll in these courses. 


LaurA Z. GREENE, Secretary 


THE NOVEMBER MEETING OF THE PHILADELPHIA SECTION 


The annual meeting of the Philadelphia Section of the Mathematical Associ- 
ation of America was held on November 28, 1953 at Drexel Institute of Tech- 
nology, Philadelphia, Pennsylvania. The chairman for this meeting was Pro- 
fessor C. A. Nelson, New Jersey College for Women. 

Sixty-five were in attendance including the following forty-four members of 
the Association: 


R. J. Bickel, James Elmer Davis, F. L. Dennis, E. K. Dorff, E. D. Glenney, D. S. Greenstein, 
H. M. Gurk, V. H. Haag, Katherine E. Hazard, J. R. Holzinger, R. F. Jackson, P. B. Johnson, 
C. E. Kerr, R. W. Klopfenstein, H. W. Kuhn, V. V. Latshaw, W. S. Lawton, Marguerite Lehr, 
K. L. Loewen, Harold Luxenberg, A. W. Mall, Helen M. Marston, B. H. McCandless, Edith A. 
McDougle, S. S. McNeary, C. A. Nelson, C. O. Oakley, J. C. Oxtoby, C. F. Pinzka, M. A. Rader, 
G. E. Raynor, B. E. Rhoades, Pincus Schub, C. B. Sensenig, C. A. Shook, E. P. Starke, Alexander 
Tartler, G. L. Thompson, A. W. Tucker, R. M. Walter, G. C. Webber, D. W. Western, Albert 
Wilansky, H. M. Zerbe. 
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A short business meeting was held following the luncheon at which the 
following officers were elected for the ensuing year: Chairman, Professor 
Alexander Tartler, Drexel Institute of Technology; Secretary, Professor G. C. 
Webber, University of Delaware. The following members of the Program Com- 
mittee were elected: Chairman, Professor H. W. Kuhn, Bryn Mawr College; 
Professor F. L. Dennis, Ursinus College; Dr. Harold Luxenberg, Remington 
Rand, Philadelphia. It was voted that the executive committee of the Section 
should consist of the chairman, the secretary, the program chairman and the 
sectional governor. 

The program for this meeting consisted of the following papers: 


1. Linear equations and inequalities: solvability versus inconsistency, by Pro- 
fessor H. W. Kuhn, Bryn Mawr College. 


Basic to all questions of the existence of solutions for systems S of linear equations in unknowns 
%1, °° * , X, ,is the elementary result: the process of elimination either yields a solution or exhibits 
an inconsistent equation 0x,+ + - + +0x,=d (with d0) as a linear combination of the equations 
of S. This same result holds with natural modifications for systems in which inequalities (strict 
and ordinary) may appear. Its applications embrace many special cases including the existence of 
positive solutions to linear equations, equality theorems for linear programming, and the funda- 
mental theorem of matrix game theory. 


2. Logical development of knot theory, by Professor R. H. Fox, Princeton 
University, introduced by the Secretary. 


The question “What is the mathematical definition of a knot?” and “When are two knots 
called equivalent?” may be answered in various ways. Examples, illustrating the difference between 
some of the possible answers, were considered, and those which seemed to approximate the pre- 
mathematical intuition most closely were adopted. 

The principal means of distinguishing between inequivalent knots are (1) the fundamental 
group G of the residual set (the so-called group of the knot) and (2) the coverings of 3-space 
branched over the knot. Construction of an orientable surface spanning the knot was sketched, and 
thereby certain conjugate classes, the meridian class and the longitude class, of G were selected. 
Two knots are equivalent only if their groups are isomorphic, and their preferred conjugate classes 
correspond under the isomorphism. Calculation of the Alexander polynomial of G by means of the 
free calculus was sketched, and the overhand knot, the figure eight knot and the trivial knot were 
thereby shown to be equivalent. 


3. Mathematical techniques used in economics theory, by Professor Jan Tin- 
bergen, Haverford College, introduced by the Secretary. 


As far as economics is a quantitative science, mathematical treatment makes sense. It started 
in 1838 (Cournot) but was stagnant for quite some time. An important upswing began in 1930 
(The Econometric Society). 

Statistical economic systems are characterised by a large number of variables, related to each 
other by a certain number of balance, technical and institutional equations which are the side 
conditions under which the economic subjects are maximizing their “utility functions” (Wabras, 
Pareto). Wald gave an existence proof for a solution under specified conditions. 

Dynamics trys to explain fluctuations in economic variables by a combination of exogenous 
and endogenous factors. In order to interpret fluctuations entirely endogenously one may make use 
of differential equations, difference equations or mixed equations. A well-known attempt is the 


| 
| 
4 | 


1954] THE MATHEMATICAL ASSOCIATION OF AMERICA 293 


so-called acceleration principle, which applies to stocks: the rate of increase in stocks, or the in- 
vestment in stocks move parallel to the rate of increase in sales. In order to obtain second-order or 
higher differentials in the equation (a prerequisite for periodic solutions) however, one has to 
consider a succession of production processes (Chait). Fixed lags between causes and effects lead to 
difference equations. Various types of mixed equations are used (Fisch, Kalecki). 

Recent tendencies are to work with large numbers of linear equations and inequalities as 
boundary conditions (Koopmans, Leontief). Sometimes abstract logistics have been used (Arrow). 
Where uncertainty comes in, these techniques are combined with probability theory (Morgenstern 
and Von Neumann). 


4. A new approach to freshman mathematics, by Professor C. O. Oakley, 
Haverford College. 


This paper consisted of a report on the Haverford College freshman course developed over the 
past seven years. The subject matter includes logic, groups, the number system, fields, functions, 
analytic geometry, calculus of polynomials, probability and statistics. Partial results indicate that 
students (a) even at the freshman level, handle abstract mathematics just as readily as they do the 
concrete, (b) find immense pleasure in studying modern concepts, (c) can attain a reasonable degree 
of accomplishment even with poor high school preparation, (d) are better prepared for further 
work in mathematics than they usually are following the conventional sequence of trigonometry, 
algebra and analytic geometry. 

G. C. WEBBER, Secretary 


THE DECEMBER MEETING OF THE MARYLAND-DISTRICT OF COLUMBIA- 
VIRGINIA SECTION 


The fall meeting of the Maryland-District of Columbia-Virginia Section of 
the Mathematical Association of America was held at The George Washington 
University, Washington, D. C., on December 5, 1953. Professor D. C. Lewis, Jr., 
Chairman of the Section, presided at the morning and afternoon sessions. 

There were one hundred five persons in attendance, including the following 
seventy-nine members of the Association: 


J. C. Abbott, M. I. Aissen, D. F. Atkins, R. P. Bailey, T. J. Benac, R. O. Blummer, Jr., 
T. A. Botts, J. W. Brace, J. H. Braun, B. H. Buikstra, W. E. Byrne, J. F. Canu, B. R. Cato, Jr., 
H. J. Cheston, Jr., B. H. Chovitz, C. E. Clark, G. R. Clements, G. F. Cramer, A. R. DiDonato, 
J. A. Duerksen, P. J. Federico, Gloria C. Ford, C. H. Frick, Michael Goldberg, R. A. Good, E. S. 
Grable, J. J. Greever, III, D. W. Hall, M. Gweneth Humphreys, Louise S. Hunter, W. R. Hyde- 
man, J. E. Ikenberry, S. B. Jackson, R. D. Johnson, Jr., F. E. Johnston, L. M. Kells, F. B. Key, 
H. L. Kinsolving, C. F. Koehler, Karl Kozarsky, A. E. Landry, Victor Lewicke, D. C. Lewis, Jr., 
D. B. Lloyd, D. B. Lowdenslager, Ella Marth, M. H. Martin, E. S. Mayer, Carol V. McCamman, 
J. M. McLynn, E. J. McShane, Joseph Milkman, George Millman, R. W. Moller, T. W. Moore, 
C. H. Murphy, Jr., W. R. Murray, W. H. Norris, P. L. Oglesby, M. W. Oliphant, O. J. Ramler, 
R. W. Rector, J. N. Rice, J. W. Sawyer, Veryl G. Schult, Paul Shapiro, W. F. Shenton, C. H. 
Sisam, Sister Gabrielle Marie, Sister Mary Cordia, W. S. Soar, S. P. Spaulding, W. J. Strange, 
C. T. Taam, J. H. Taylor, Feodor Theilheimer, J. A. Tierney, P. M. Whitman, D. M. Young, Jr. 


Professor W. H. Norris, Chairman of the High School Contest Committee, 
reported that the number of schools replying to the initial letter sent out by 
his committee indicated the possibility of having a contest in May, 1954. At the 
request of the committee the Section voted: (1) That the Chairman of the Sec- 
tion appoint a board of members at the collegiate level which shall make the 
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final selection of the winning papers; and (2) That the members of the Section 
approach their respective schools and companies in regard to contributions for 
prizes. The Chairman pointed out that this and future projects of the Section 
will be aided by including more high school teachers as members of the Associ- 
ation. An announcement was made regarding the program of having visiting 
lecturers appear before undergraduate students within the Section. Professors 
G. R. Clements, United States Naval Academy, B. Z. Linfield, University of 
Virginia, and O. J. Ramler, Catholic University of America, were appointed to 
nominate officers for the academic year 1954-55. 

The following papers were presented: 

1. A natural approach to the fundamental theorem of the integral calculus, by 
Professor J. P. Hoyt, United States Naval Academy, introduced by the Chair- 
man. 

By means of a concept from the calculus of finite differences, the evaluation of the limit of a 


sum as the difference of two “anti-differentials” is made intelligible to the first year calculus 
student. 


2. The Ballistic Research Laboratories’ Geda, by Mr. C. H. Murphy, Jr., 
Ballistic Research Laboratories, Aberdeen Proving Ground. 


The Ballistic Research Laboratories have recently obtained an analogue computer installation 
almost completely composed of Geda (Goodyear Electronic Differential Analyzer) units. The in- 
stallation itself as well as the way in which an analogue computer performs basic mathematical 
operations was described and a simple problem was solved. 


3. A remark on a result of Leighton, by Professor Choy-tak Taam, The 
Catholic University of America. 


If r, p and (rp)’ are continuous and if rp>0, (rp)’ 20 on I: aSx< @, then every solution of 
(ry’)’+py=0 is bounded on I (W. Leighton, Proc. Nat. Acad. of Sci., vol. 35, 1949, pp. 190-191). 
It was shown that the condition “(rp)’ is continuous and (rp)’2=0 on I” may be replaced by “rp 
is non-decreasing on J.” Further generalization was indicated. 


4. Cyclically-ordered sets and separation theorems, by Dr. M. I. Aissen, Radi- 
ation Laboratory, The Johns Hopkins University. 


The well-known separation theorems about zeros of orthogonal polynomials were improved 
and generalized to the case of functions satisfying certain Kth order linear difference equations. 


5. Analysis and the undergraduate, by Professors D. W. Hall and G. L. 
Spencer, II, University of Maryland, presented by Professor Hall. (By invita- 
tion.) 


The undergraduate advanced calculus course should be an introduction to rigorous analysis. 
Students entering this course are normally trained only in techniques and have little or no idea of 
logic or the nature of proofs. Time must be spent in remedying these deficiencies if there is to be 
any hope of the students understanding the fundamental theorems of analysis. One way in which 
these problems might be met was discussed. 


C. H. Frick, Secretary 
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EMPLOYMENT OPPORTUNITIES 


Memphis State College, Memphis, Tenn. Assistant ne Prefer man with 
Ph.D. and some experience. 


Mathematics Research, Inc., State College, Pa. Senior Applied Mathematician. 


The MonrTHLy is devoting this space to paid announcements of employment 
opportunities for mathematicians. The text of such announcements should be in 
want-ad form and must be in the hands of the editor (C. B. Allendoerfer, Mathe- 
matics Department, University of Washington, Seattle 5, Wash.) before the first 
day of the month preceding the issue in which the notice is to appear. Announce- 
ments should indicate the academic rank or similar description of the opening, but 
should not mention a specific salary. Blind ads are permissible which direct replies to 
a specific box number in care of the Mathematical Association of America, Buffalo 
14, N. Y. In order to conserve space and achieve uniformity, the privilege is reserved 
to rearrange advertisements. Advertisers will be billed at the rate of $1.50 per line. 
Rates for display advertising may be obtained from the Advertising Manager. 


CALENDAR OF FUTURE MEETINGS 


Thirty-fifth Summer Meeting, University of Wyoming, Laramie, Wyoming, 


August 30-31, 1954. 


Thirty-eighth Annual Meeting, University of Pittsburgh, Pittsburgh, Penn- 


sylvania, December 30, 1954. 


The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Associate Secretary. 


ALLEGHENY MovuntTAIN, Marshall College, 
Huntington, West Virginia, May 1, 1954. 

ILL1No!Is, Knox College, Galesburg, May 14-15, 
1954. 

INDIANA, Rose Polytechnic Institute, Terre 
Haute, May 1, 1954. 

Iowa, Iowa State College, Ames, April 30- 
May 1, 1954. 

KANSAS 

Kentucky, University of Kentucky, Lexing- 
ton, May 8, 1954. 

LoulIsIANA- MISSISSIPPI 

MARYLAND-DIsTRICT OF COLUMBIA-VIRGINIA 
University of Maryland, College Park, 
May 1, 1954. 

METROPOLITAN NEW YORK 

MICHIGAN 

Minnesota, Hamline University, St. 
May 8, 1954. 

Missour!, University of Missouri, Columbia, 
May 7, 1954. 

NEBRASKA, Omaha, April 24, 1954. 


Paul, 


NORTHERN CALIFORNIA 

Onto, Ohio State University, Columbus, April 
17, 1954. 

OxtaHoma, Oklahoma City University, Oc- 
tober, 1954. 

Paciric NorTHWEST, Reed College, Portland, 
Oregon, June 18, 1954. 
PHILADELPHIA, Princeton University, Prince- 
ton, New Jersey, November 27, 1954. 
Rocky Mountain, Colorado Agricultural and 
Mechanical College, Fort Collins, April 
30-May 1, 1954. 

SOUTHEASTERN 

SOUTHERN CALIFORNIA 

SOUTHWESTERN, Arizona State College, Tempe, 
April 16-17, 1954. 

Texas, Texas Technological College, Lubbock, 
April 23-24, 1954. 

Upper New York Strate, College for Teachers 
at Albany, May 1, 1954. 

WIscons!n, State Teachers College, Eau Claire, 
May 8, 1954. 
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PROFESSIONAL OPPORTUNITIES IN MATHEMATICS 
Second Edition: January 1954 
A Publication of the Arnold Buffum Chace Fund 


The report of a Committee of the Mathematical Association of America, 


consisting of H. W. Brinkmann, Z. I. Mosesson, S. A. Schelkunoff, S. S. Wilks, 
and Mina Rees, Chairman. 


24 pages, paper covers 


25¢ for single copies; 10¢ each for orders of ten or more 


Send orders to: Harry M. Gehman, Secretary-Treasurer 
Mathematical Association of America 
University of Buffalo 
Buffalo 14, New York 


PRINCETON UNIVERSITY PRESS 
The Aim and Structure of Physical Theory 


By PieERRE DUHEM, Foreword by Louis DE BROGLIE 
tr. by PHILIP P. WIENER 


The translation of a landmark in science which first appeared in 
France in 1906 but which is still fresh and stimulating today. The 
mathematician will find much of interest in Duhem’s discussion of 
the logical role of hypotheses, the relation of laws to theories, the 
mind of the physicist, and other aspects of physical science and 
mathematics. 366 pages. $6.00 


Order from your bookstore or through 
PRINCETON UNIVERSITY PRESS, Princeton, New Jersey 
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Now Edition of a Loading Calculus Joxt! 
CALCULUS, 3rd Edition 


by GEORGE E. F. SHERWOOD, and ANGUS E. TAYLOR, 
both of University of California at Los Angeles 


Outstanding Features of the New Third Edition: 


1. 


A revision of one of the leading sellers in the Calculus. Previous edition sold over 
85,000 copies. Suggestions of hundreds of users incorporated to make a clearer, 
more interesting and profitable book for the student. Significant improvements 
made in explanatory material, in diagrams and in arrangement and in the sets of 
exercises. 


. Chapter I in its new form is less formidable for the beginner, and it makes possible 


more rapid progress into interesting applications of the fundamental concepts of 
calculus. 


. A feature of the 3rd edition is the very early introduction of the inverse of differen- 


tiation, in Chapter II, items 16, 17 and 18. The actual techniques here are limited 
to polynomials. There is a section on applications to problems of velocity and ac- 
celeration in rectilinear motion. This is particularly advantageous to students who 
take physics concurrently with the beginning calculus, engineering students, for 
example. 


4. Greatest changes have been made in Chapters I, II, XIV, XV, and XVI. 


5. 


The fundamental theorems about limits of sums, products and quotients are stated 
in Chapter I, but the proofs are not given until Chapter XIV. 


. Exercises have been carefully revised and graded according to difficulty. 


Answers to Exercises and Problems are available to instructors upon adoption, and 
may be ordered for students through the college bookstore with instructor’s consent. 
672 pages @ 6” x 9’ @ To be published April 1954 


For approval copies unife 


EY PRENTICE-HALL, Inc. « 70 FIFTH AVENUE, NEW YORK 11,N.Y. 
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FIRST COURSE in CALCULUS 


By R. COOLEY 
Professor of Mathematics, Washington Square College. 


Here is fresh treatment of calculus in which the essential material is laid before 
the student with meticulous care, free from frustrating extraneous difficulties. The 
emphasis, throughout the book, is less on formal proofs than on a clear appreciation 
of the concepts involved. The book is more rigorous than many elementary texts, 
but its rigor stems naturally from the careful explanations—it is never something 
to be endured. 

The subject is unified around the two basic problems of calculus—the tangent 
problem and the area problem. Within this framework, the ideas of calculus are 
developed in such a way as to give them meaning and purpose for the beginner. 
Manipulations are treated thoroughly, but they are kept in their place—the efficient 


: means of carrying on the reasoning. A multitude of examples and exercises provide 
a plenty of practice in handling the symbolic language of mathematics. 
: 1954. 643 pages. Illus. $6.00. 


INTRODUCTORY COLLEGE MATHEMATICS 


By ADELE LEONHARDY, Chairman of the Mathematics Department, Stephens 
College. This carefully organized introduction is designed to develop skills and 
techniques necessary in a college program of general education, and to present 
mathematics itself as an area of general education. So as to unite the nature and 
ideas of mathematics, the author treats a few major concepts fairly deeply rather 
than cover a wide range of topics superficially. 1954. 459 pages. Illus. $4.90. 


a THEORY of EQUATIONS 


tant e By Cyrus COLTON MACDUFFEE, Professor of Mathematics, University of Wis- 
| consin. An introductory work designed to meet the needs of both majors and non- 
majors in mathematics, the book covers the standard material of the course in a 
fairly conservative manner. At the same time, however, it introduces some of the 
concepts of modern algebra which enable the majoring student to proceed to abstract 
algebra without dislocation. 1954. 120 pages. $3.75. 


Send for on-approval copies 


JOHN WILEY & SONS, Inc. 440 Fourth Ave., New York 16, N.Y. 
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ANALYTIC GEOMETRY 
Second Edition 
By Epwarop S. Smitu, Professor of Mathematics, MEYER SALKOVER, Professor of 
Mathematics, and Howarp K, Justice, Professor of Mathematics; all of the 
University of Cincinnati. 

The new edition of this popular text retains the original features of clear style, 
good figures, and worked-out problems that made the first edition so particularly 
serviceable for students. Without glossing over difficulties, the authors cover the 
whole field, carefully explaining each point as it comes up, making certain of full 
appreciation before proceeding. They provide a thorough discussion of such topics 
as excluded values in curve tracing, conic sections, and the general equation of the 
second degree. Numerous worked examples help the student to grasp new ideas as 
soon as they are introduced while a multitude of problems give ample practice in 
handling the material. Answers to the odd-numbered problems are included in the 
book. Answers to the even-numbered problems are available to teachers in a separate 


pamphlet. 
1954. 306 pages. Illus. $4.00. 


ELEMENTS of STATISTICS 
By H. C. Fryer, Professor of Mathematics, Kansas State College. Here is a highly 
teachable, modern text stressing understanding above a mechanical manipulation of 
the formulas, and covering the principles that are fundamental to all applications 
without overemphasis on any single field. 1954. 262 pages. $4.75. 


A First Course in ORDINARY DIFFERENTIAL EQUATIONS 


By RuDOLPH E. LANGER, Professor of Mathematics, University of Wisconsin. 
In this logical introduction, Professor Langer treats his subject both from the point 
of view of its mathematical interest and its utility as a tool in science and technology. 
His book stresses a commonsense approach playing down mere memorization and 
emphasizes the differential equations of the first and second orders. 1954. 249 pages. 
$4.50. 


Introduction to ELLIPTIC FUNCTIONS with Applications 


By F. Bowman, Manchester College of Technology. 
1954. Approx. 115 pages. Probably $2.50. 


Send for on-approval copies 


JOHN WILEY & SONS, inc. 440 Fourth Ave., New York 16, N.Y. 
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Second Edition 
A FIRST YEAR OF COLLEGE MATHEMATICS 
By Raymond W. Brink 


Among the more important changes in the new edition of Brink's well 
known text for introductory college courses in mathematics are a new 
chapter on Real Numbers; the combining of the chapters on Radian 
Measure and Trigonometric Functions; clarification of the treatment 
wherever possible, as in the discussion of Mathematical Induction and 
Vector Quantities; some reorganization of the material; and the re- 
placement of nearly all of the exercises and illustrative examples with | 


new exercises and examples. 


APPLETON-CENTURY-CROFTS, INC. 


Publishers of the New Century Cyclopedia of Names 


35 West 32nd St, New York 1, NY. | 


Three recent texts 


Calculus 
THOMAS L. WADE Florida State University 


College Algebra and Plane Trigonometry 
JAMES H. ZANT Oklahoma A. and M. College 


Elements of Algebra 
from VAUGHN B. CARIS Ohio State University 


GINN AND COMPANY Home Office: Boston 


Sales Offices: New York 11 Chicago 16 Atlanta 3 
Dallas 1 Columbus 16 San Francisco 3 Toronto 7 
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L. Hart 


Trigonometry 


Gust. Published. ! 


Starts with a discussion of the acute angle. Bound with tables. 211 
pages of text. $3.75. Answer book for even-numbered problems ready 
soon. 


W. L. Hart 


College Trigonometry 


Starts with a discussion of the general angle. Bound with tables. 
211 pages of text. $3.75. Answer book for even-numbered problems, 
free. 


W. L. Hart 


College Algebra, 4th ed. 


Ca 


Adopted widely since its publication last spring. 420 pages of text. 
$3.50. Answer book for even-numbered problems, free. 


Tomlinson Fort 


Iculus 


567 pages. $5.00. Answer book for even-numbered problems ready 
soon. 


Answers are provided in the above books for all odd- 
numbered problems. 


D. C. HEATH 
AND COMPANY 


Home Office: Boston 16 


Sales Offices: New York 14 Chicago 16 San Francisco 5 Atlanta 3 Dallas 1 
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ALGEBRA FOR COLLEGE STUDENTS 
By Ross R. Middlemiss. Washington University. 394 pages, $3.75 


A new treatment of the author’s College Algebra, this text is designed 
for the less advanced students. or a slower, more detailed study, the 
fundamental material—through quadratic equations with one un- 
known—has been expanded. The lessons have been shortened and 
geared in treatment to a somewhat less mature student with a back- 
ground of only one year of high school algebra. Emphasis is upon a real 
understanding. 


COLLEGE ALGEBRA 
By Ross R. Middlemiss. 344 pages, $3.50 


This excellent text contains a complete coverage of topics usually 
taught in a standard course. The course is made more valuable and 
stimulating by the greater emphasis on reasoning and clear thinking ; 
this method combats the student’s tendency toward mechanical opera- 
tions unaccompanied by real thought. 


ANALYTIC GEOMETRY 
By Ross R. Middlemiss. 316 pages, $3.75 


Presented in such a way as to make a maximum contribution to the 
general mathematical training of the student and to give him a clear 
understanding of the fundamental methods of analytic geometry. More 
than the usual amount of attention is given to the exponential, loga- 
— trigonometric, and inverse trigonometric functions and their 
graphs. 


DIFFERENTIAL AND INTEGRAL CALCULUS 
By Ross R. Middlemiss. Second edition. 497 pages, $4.75 


Offering a clear teachable presentation, the entire text has been revised 
to incorporate suggested improvements from the teaching of the first 
edition. A chapter on solid analytic geometry has been added; there are 
new illustrative examples; and the problems are largely new. 


McGraw-Hill Book Company, Inc. Send for 
copies on 
approval 


330 West 42nd Street New York 36, N.Y. 
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PLANE 
TRIGONOMETRY 
Paui R. Rider 


Consisting of the plane trigonometry 
sections of the author’s FIRST-YEAR 
MATHEMATICS FOR COLLEGES, this new 
text defines trigonometric functions in terms of 
their right-triangle definitions before the general trig- 
onometric definitions and provides long lists of exercises ar- 
range 


d in order of increasing difficulty. Worthy of 
special note are the treatment of logarithms 


and the carefully drawn graphs of the 


functions and inverse functions 


the Macinillan Com 


1953 180pp. $3.50 
60 FIFTH AVENUE, NEW YORK 11, NY. 
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4B 
THE TEACHING OF MATHEMATICS 
IN THE SECONDARY SCHOOL 
By William David Reeve, Professor Emeritus of Teachers College, Columbia. Establishes 
the place of mathematics in the modern secondary school and offers a basis for determining 


the nature of the curriculum and for obtaining the best methods of instruction and evalua- 
tion. 


FUNDAMENTALS OF COLLEGE MATHEMATICS 


By John C. Brixey and Richard V. Andree, University of Oklahoma. A text for college fresh- 
men. The topics of college algebra, trigonometry, and analytic geometry are carefully 
organized with an excellent introduction to differential and integral calculus and to mathe- 
matical statistics. Includes problems, and more than 350 sketches and graphs. 


INTERMEDIATE ALGEBRA 
* By Lovincy J. Adams, Santa Monica City College. Considerably simplified, with a greatly 
increased number of exercises, problems, and illustrative examples, this edition is, in effect, 
a new book. Two chapters have been added: one on Permutations, Combinations, and 


= | Probability, and one on Theory of Equations. Approximately 60 line drawings. 
a COLLEGE ALGEBRA 
\ By H. G. Apostle, Grinnell College. Develops the conventional subject matter of college 


; algebra at the average student’s level in a clear and logical manner, using the terminology 
most familiar to the student and the inductive method wherever appropriate. Written for 
technical as well as for liberal arts students. 


CALCULUS WITH ANALYTIC GEOMETRY 


By Edward C. Begle, Yale University. Fully tested at Yale, this text covers differentiation 
and integration of algebraic, logarithmic, exponential, and trigonometric functions. In 
addition, the elements of plane analytic geometry, through comics, are included. Problems. 


CALCULUS 


By Gaylord M. Merriman, University of Cincinnati. A simple, sound, and complete explana- 
tion of the principles and hypotheses of calculus. Proceeds gradually from an intuitive to a 
rigorous discussion of theorems, hypotheses, and their applications, before offering proofs. 
Illustrated, with examples and exercises. 


HENRY HOLT AND COMPANY 
383 Madison Avenue, New York 17 


GEORGE BANTA PUBLISHING COMPANY, MENASHA, WISCONSIN 
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